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SUPERCATEGORIFICATION OF
QUANTUM KAC-MOODY ALGEBRAS II
SEOK-JIN KANG1, MASAKI KASHIWARA2, AND SE-JIN OH3
Abstract. In this paper, we investigate the supercategories consisting of supermod-
ules over quiver Hecke superalgebras and cyclotomic quiver Hecke superalgebras. We
prove that these supercategories provide a supercategorification of a certain family of
quantum superalgebras and their integrable highest weight modules. We show that,
by taking a specialization, we obtain a supercategorification of quantum Kac-Moody
superalgebras and their integrable highest weight modules.
Contents
Introduction 2
1. Preliminaries 9
2. The algebra Uθ,p(g) 12
3. The algebra Uθ˜,p˜(g) 22
4. Quantum Kac-Moody superalgebras 30
4.1. Quantum Kac-Moody superalgebras 30
4.2. The algebra U(g) 32
4.3. Representation theory of U(g) 34
5. The algebra U(g) 40
6. Perfect bases 43
Date: March 8, 2013.
2000 Mathematics Subject Classification. 05E10, 16G99, 81R10.
Key words and phrases. categorification, quiver Hecke superalgebras, cyclotomic quotient, quantum
Kac-Moody superalgebras.
1 This work was supported by NRF Grant # 2012-005700 and NRF Grant # 2011-0027952.
2 This work was supported by Grant-in-Aid for Scientific Research (B) 22340005, Japan Society
for the Promotion of Science.
3 This work was supported by Priority Research Centers Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology # 2012-
047640.
1
2 SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH
7. Supercategories and 2-supercategories 47
7.1. Supercategories 47
7.2. Superbifunctors 49
7.3. Even and odd morphisms 51
7.4. 2-supercategories 52
7.5. Superalgebras and superbimodules 56
7.6. Grothendieck group 60
8. Supercategorification via quiver Hecke superalgebras 60
8.1. Quiver Hecke superalgebras 60
8.2. Strong perfect basis of Repsuper(R) 63
8.3. Cyclotomic quotients 67
8.4. Supercategorification 70
8.5. Quantum Kac-Moody algebras 72
References 73
Introduction
This is a continuation of our previous work on the supercategorification of quantum
Kac-Moody algebras and their integrable highest weight modules [KKO12]. We first
recall the main results of [KKO12].
Let I be an index set, (A = (aij)i,j∈I,P,Π,Π∨) be a symmetrizable Cartan datum
and Uq(g) be the corresponding quantum group (or quantum Kac-Moody algebra).
Since A is symmetrizable, there is a diagonal matrix D with positive integral entries
di (i ∈ I) such that DA is symmetric. For a dominant integral weight Λ ∈ P+, we
denote by V (Λ) the integrable highest weight Uq(g)-module with highest weight Λ.
The integral forms of Uq(g) and V (Λ) will be denoted by UA(g) and VA(Λ), where
A = Z[q, q−1].
In [KL09, KL11, R08], Khovanov-Lauda and Rouquier independently introduced a
new family of graded algebras, the Khovanov-Lauda-Rouquier algebras or quiver Hecke
algebras, that gives a categorification of quantum Kac-Moody algebras. Furthermore,
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Khovanov and Lauda conjectured that the cyclotomic quotients of quiver Hecke alge-
bras give a categorification of integrable highest weight modules over quantum Kac-
Moody algebras. This conjecture was proved by Kang and Kashiwara [KK11]. (See
[W10] for another proof of this conjecture.)
Naturally, our next goal is to find a super-version of Khovanov-Lauda-Rouquier cat-
egorification theorem and Kang-Kashiwara cyclotomic categorification theorem. In
[KKT11], Kang, Kashiwara and Tsuchioka introduced the notion of quiver Hecke su-
peralgebras and quiver Hecke-Clifford superalgebras which are Z-graded algebras over
a commutative graded ring k = ⊕n≥0kn with k0 a field. They showed that these su-
peralgebras are weakly Morita superequivalent and that, after some completion, the
quiver Hecke-Clifford superalgebras are isomorphic to the affine Hecke-Clifford super-
algebras. It folws that the same statements hold for the cyclotomic quotients of these
superalgebras,
Based on the results of [KKT11], Kang, Kashiwara and Oh proved that the quiver
Hecke superalgebras and the cyclotomic quiver Hecke superalgebras provide a super-
categorification of quantum Kac-Moody algebras and their integrable highest weight
modules [KKO12]. Here, a supercategorification of an algebraic structure means a
construction of a 1-supercategory or a 2-supercategory whose Grothendieck group is
isomorphic to the given algebraic structure. To describe the main results of [KKO12]
in more detail, we need to fix some notations and conventions.
Let k be a commutative ring in which 2 is invertible. A supercategory is a k-linear
category C with an endofunctor Π and a natural isomorphism ξ : Π2
∼−→ id such that
ξ ·Π = Π · ξ. A 1-supercategory is a k-linear category C such that
(i) HomC (X, Y ) is endowed with a k-supermodule structure for all X, Y ∈ C ,
(ii) the composition map
HomC (Y, Z)×HomC (X, Y )→ HomC (X,Z)
is k-superbilinear.
The notion of supercategories and that of 1-supercategories are almost equivalent.
One can also define the notion of 2-supercategories. The basic properties of supercate-
gories, 1-supercategories and 2-supercategories are explained in Section 7.
Let A = A0 ⊕ A1 be a k-superalgebra with an involution φA defined by
φA(a) = (−1)ǫa (a ∈ Aǫ, ǫ = 0, 1).
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We denote by Mod(A) be the category of left A-modules. Then Mod(A) is endowed
with a supercategory structure induced by φA. On the other hand, let Modsuper(A)
denote the category of left A-supermodules with Z2-degree preserving homomorphisms.
Then Modsuper(A) has a structure of supercategory induced by the parity shift functor
Π.
For β ∈ Q+, let R(β) and RΛ(β) be the quiver Hecke superalgebra and the cy-
clotomic quiver Hecke superalgebra at β, respectively. In [KKO12], we dealt with the
supercategory Mod(R(β)) and Mod(RΛ(β)), not Modsuper(R(β)) and Modsuper(R
Λ(β)).
More precisely, let (A,P,Π,Π∨) be a Cartan superdatum. That is, the index set I has
a decomposition I = Ieven ⊔ Iodd and aij ∈ 2Z for i ∈ Iodd, j ∈ I. We denote by
Proj(R(β)) the supercategory of finitely generated projective Z-graded R(β)-modules
and Rep(R(β)) the supercategory of Z-gradedR(β)-modules that are finite-dimensional
over k0. We define the supercategories Mod(R
Λ(β)), Proj(RΛ(β)) and Rep(RΛ(β)) in
a similar way. Consider the supercategories
Rep(RΛ) =
⊕
β∈Q+
Rep(RΛ(β)), Proj(RΛ) =
⊕
β∈Q+
Proj(RΛ(β)),
Rep(R) =
⊕
β∈Q+
Rep(R(β)), Proj(R) =
⊕
β∈Q+
Proj(R(β)).
In [KKO12], we proved that
VA(Λ)
∨ ∼−→ [Rep(RΛ)], VA(Λ) ∼−→ [Proj(RΛ)],
U−A (g)
∨ ∼−→ [Rep(R)], U−A (g) ∼−→ [Proj(R)],
where [ ] denotes the Grothendieck group and VA(Λ)
∨ (resp. U−A (g)
∨) is the dual of
VA(Λ) (resp. U
−
A (g)).
The main theme of this paper is to investigate the structure of supercategories
Modsuper(R
Λ) =
⊕
β∈Q+
Modsuper(R
Λ(β)), Modsuper(R) =
⊕
β∈Q+
Modsuper(R(β)),
Repsuper(R
Λ) =
⊕
β∈Q+
Repsuper(R
Λ(β)), Repsuper(R) =
⊕
β∈Q+
Repsuper(R(β)),
Projsuper(R
Λ) =
⊕
β∈Q+
Projsuper(R
Λ(β)), Projsuper(R) =
⊕
β∈Q+
Projsuper(R(β)).
Here, we denote by Modsuper(R(β)) the supercategory of Z-graded R(β)-supermodules,
by Projsuper(R(β)) the supercategory of finitely generated projective R(β)-supermodules
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and by Repsuper(R(β)) the supercategory of R(β)-supermodules finite-dimensional over
k0. We define the supercategories Modsuper(R
Λ(β)), Projsuper(R
Λ(β)) and Repsuper(R
Λ(β))
in a similar manner. The parity functor Π induces involutions π on the Grothendieck
groups of these supercategories and we have isomorphisms
[Rep(RΛ)]
∼−→ [Repsuper(RΛ)]
/
(π − 1)[Repsuper(RΛ)],
[Proj(RΛ)]
∼−→ [Projsuper(RΛ)]
/
(π − 1)[Projsuper(RΛ)],
[Rep(R)]
∼−→ [Repsuper(R)]
/
(π − 1)[Repsuper(R)],
[Proj(R)]
∼−→ [Projsuper(R)]
/
(π − 1)[Projsuper(R)].
Our goal is to prove that quiver Hecke superalgebras and cyclotomic quiver Hecke
superalgebras provide a supercategorification of a certain family of quantum superalge-
bras and their integrable highest weight modules. We will also show that, by taking a
specialization, we obtain a supercategorification of quantum Kac-Moody superalgebras
and their integrable highest weight modules. However, it is quite delicate and needs
some special care to present a precise statement of our main theorem.
We first define the algebras Uθ,p(g) and Uθ˜,p˜(g) which are generalizations of quantum
Kac-Moody (super)algebras. Let θ := {θij}i,j∈I and p := ({pij}i,j∈I , {pi}i∈I) be families
of invertible elements in k such that pni − 1 is invertible for all i ∈ I and n ∈ Z>0.
Assume that θ and p satisfy the condition (2.11). We define Uθ,p(g) to be the k-
algebra generated by ei, fi, K
±1
i with the defining relations (2.1) and (2.14). We
denote by ModP(Uθ,p(g)) the category of P-weighted Uθ,p(g)-modules and OPint(Uθ,p(g))
the subcategory consisting of P-weighted integrable Uθ,p(g)-modules.
For each i ∈ I, choose a function χi : P→ k× satisfying (2.16). The Verma module
Mθ,p(Λ) is defined to be the Uθ,p(g)-module generated by a vector uΛ with defining
relations
KiuΛ = χi(Λ)uΛ, eiuΛ = 0 for all i ∈ I.
We define Vθ,p(Λ) = Mθ,p(Λ)/Nθ,p(Λ), where Nθ,p(Λ) is the unique maximal Uθ,p(g)-
submodule of Mθ,p(Λ) such that Nθ,p(Λ)∩kuΛ = 0. If Λ ∈ P+, then Vθ,p(Λ) belongs to
OPint(Uθ,p(g)) and f 〈hi,Λ〉+1i vΛ = 0 for all i ∈ I, where vΛ is the image of uΛ in Vθ,p(Λ).
We conjecture that the category OPint(Uθ,p(g)) is semisimple and every simple object is
isomorphic to Vθ,p(Λ) for some Λ ∈ P+. (See Conjecture 2.8.)
On the other hand, let θ˜ = {θij}i,j∈I and p˜ = {p˜i}i∈I be families of invertible elements
in k such that 1 − p˜ni is invertible for all i ∈ I, n ∈ Z>0. Assume that θ˜ and p˜ satisfy
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the condition (3.4). We define Uθ˜,p˜(g) to be the k-algebra generated by ei, fi, K˜±1i with
defining relations (3.1) and (3.8). Assume that θ, p, θ˜ and p˜ satisfy the relation (3.3).
Then we have the following equivalences of categories (Proposition 3.4):
ModP(Uθ,p(g))
∼−→ ModP(Uθ˜,p˜(g)), OPint(Uθ,p(g))
∼−→ OPint(Uθ˜,p˜(g)).
Moreover these categories only depend on {p2i }i∈I .
The algebras U−θ,p(g) and U−θ˜,p˜(g) have a structure of Bθ˜,p˜(g)-module, where U
−
θ,p(g)
(resp. U−
θ˜,p˜
(g)) is the subalgebra of Uθ,p(g) (resp. Uθ˜,p˜(g)) generated by fi’s (i ∈ I) and
Bθ˜,p˜(g) is the quantum boson algebra (see Definition 3.7).
For a Cartan superdatum (A,P,Π,Π∨), we define the parity function p : I → {0, 1}
by p(i) = 0 if i is even, p(i) = 1 if i is odd. We denote by Peven = {λ ∈ P | 〈hi, λ〉 ∈
2Z for i ∈ Iodd} and set P+even = P+ ∩ Peven.
Let π (resp.
√
π) be an indeterminate such that π2 = 1 (resp. (
√
π)2 = π). For any
ring R, we define
Rπ = R ⊗ Z[π], R
√
π = R⊗ Z[√π].
Set k = Q(q)
√
π and choose θ and p satisfying (4.4):
pi = qi
√
πi, pij = q
aij
i , θijθji = 1, θii = πi.
Let Uqθ(g) = Uθ,p(g) and V
q
θ (Λ) = Vθ,p(Λ) for this choice of θ and p. The algebra U
q
θ(g)
is the quantum Kac-Moody superalgebra introduced by [KT91, BKM98]. It was shown
in [BKM98] that the category OPevenint (C(q)⊗Q(q) Uqθ(g)) is semisimple and every simple
object is isomorphic to V qθ (Λ)
/
(
√
π − c) for some Λ ∈ Peven and c ∈ C with c4 = 1.
The parameter π was first introduced by Hill and Wang [HW12]. Using this, they
defined the notion of covering Kac-Moody algebras which specialize to Kac-Moody
algebras when π = 1 and to Kac-Moody superalgebras when π = −1. The discovery
of π is a simple but an important observation because it explains the subtle behavior
of the parity functor Π. In this sense, Π gives a categorification of π.
Now we take another choice of θ and p given in (4.6):
pi = qi
√
πi, pij = p
aij
i , θij =

√
πj
aji if i 6= j,
1 if i = j.
We denote byU(g) = Uθ,p(g) andV(Λ) = Vθ,p(Λ) for this choice. We prove in Corollary
4.5 and in Theorem 4.16 that
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(i) We have the equivalence of categories
ModPU(g)
∼−→ ModPU qθ (g).
(ii) The category OPint(U(g)) is semisimple and every simple object is isomorphic
to V(Λ) for some Λ ∈ P+.
The key ingredient of the proof is the quantum Casimir operator for the quantum
superalgebra U(g) (See Section 4.3).
We finally define U(g) to be the k-algebra Uθ˜,p˜(g) with θ˜, p˜ and k given in (5.1):
p˜i = q
2
i πi, θ˜ij = θ˜ji = π
p(i)p(j)q
−aij
i , k = Q(q)
π.
For Λ ∈ P+, let V(Λ) be the P-weighted U(g)-module generated by vΛ with defining
relations (5.4):
K˜ivΛ = (q
2
i πi)
〈hi,Λ〉vΛ = p˜
〈hi,Λ〉
i vΛ, eivΛ = 0, f
〈hi,Λ〉+1
i vΛ = 0.
Then we prove in Theorem 5.2 that
(i) We have the equivalences of categories
ModP(Q(q)
√
π ⊗Q(q)π U(g)) ∼−→ ModP(U(g)),
OPint(Q(q)
√
π ⊗Q(q)π U(g)) ∼−→ OPint(U(g)).
(ii) The category OPint(U(g)) is semisimple and every simple object is isomorphic
to V(Λ)/(π − ε)V(Λ) for some Λ ∈ P+ and ε = ±1.
The algebra U(g) and the U(g)-module V(Λ) are directly related to the supercate-
gorification via quiver Hecke superalgebras and cyclotomic quiver Hecke superalgebras.
We denote by UAπ(g) and VAπ(Λ) the Aπ-forms of U(g) and V(Λ), respectively, where
Aπ = Z[q, q−1]π ⊂ Q(q)π. Also, we denote by BupAπ(g) and BlowAπ (g) the upper and lower
Aπ-forms of the quantum boson algebra Bθ˜,p˜(g).
Now we can state our supercategorification theorems (Theorem 8.14 and Corollary
8.15):
(a) There exist isomorphisms of UAπ(g)-modules
VAπ(Λ)∨ ∼−→ [Repsuper(RΛ)], VAπ(Λ) ∼−→ [Projsuper(RΛ)].
(b) There exist isomorphisms
U−Aπ(g)∨ ∼−→ [Repsuper(R)], U−Aπ(g) ∼−→ [Projsuper(R)]
as BupAπ(g)-modules and B
low
Aπ (g)-modules, respectively.
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To prove our main theorems, for each i ∈ I and β ∈ Q+, we define the superfunctors
EΛi : Modsuper(R
Λ(β + αi))→ Modsuper(RΛ(β)),
FΛi : Modsuper(R
Λ(β))→ Modsuper(RΛ(β + αi))
by
EΛi (N) = e(β, i)N = e(β, i)R
Λ(β + αi)⊗RΛ(β+αi) N,
FΛi (M) = R
Λ(β + αi)e(β, i)⊗RΛ(β) M
for M ∈ Modsuper(RΛ(β)) and N ∈ Modsuper(RΛ(β + αi)). By the same argument
as in [KKO12], one can verify that EΛi and F
Λ
i are well-defined exact functors on
Repsuper(R
Λ) and Projsuper(R
Λ). Similarly, one can show that there exist natural iso-
morphisms of endofunctors on Modsuper(R
Λ(β)) given below:
EΛi F
Λ
j
∼→ q−(αi|αj)Πp(i)p(j)FΛj EΛi if i 6= j,
Πiq
−2
i F
Λ
i E
Λ
i ⊕
〈hi,Λ−β〉−1⊕
k=0
Πki q
2k
i
∼→ EΛi FΛi if 〈hi,Λ− β〉 ≥ 0,
Πiq
−2
i F
Λ
i E
Λ
i
∼→ EΛi FΛi ⊕
−〈hi,Λ−β〉−1⊕
k=0
Πk+1i q
−2k−2
i if 〈hi,Λ− β〉 < 0.
It follows that [Repsuper(R
Λ)] and [Projsuper(R
Λ)] are endowed with UAπ(g)-module
structure. Moreover, using the characterization theorem of VAπ(Λ)∨ in terms of strong
perfect bases (Theorem 6.6), we conclude that
VAπ(Λ)∨ ∼−→ [Repsuper(RΛ)].
The rest of our statements follow by duality and by taking inductive limit.
When the Cartan superdatum satisfies the (C6) condition proposed by [HW12]: di
is odd if and only of i ∈ Iodd, we have
ModP(U(g)) ∼−→ ModP(Uv(g)),
where Uv(g) is the usual quantum Kac-Moody algebra with v = q
√
π. Hence the results
in [HW12] follow as a special case of our supercategorification theorems.
Acknowledgements. We would like to express our gratitude to Sabin Cautis for
fruitful correspondences.
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1. Preliminaries
Let I be an index set. An integral matrix A = (aij)i,j∈I is called a Cartan matrix if
it satisfies: (i) aii = 2, (ii) aij ≤ 0 for i 6= j, (iii) aij = 0 if aji = 0. We say that A is
symmetrizable if there is a diagonal matrix D = diag(di ∈ Z>0 | i ∈ I) such that DA is
symmetric.
Definition 1.1. A Cartan datum is a quadruple (A,P,Π,Π∨) consisting of
(i) a symmetrizable Cartan matrix A,
(ii) a free abelian group P, called the weight lattice,
(iii) Π = {αi ∈ P | i ∈ I}, called the set of simple roots,
(iv) Π∨ = {hi | i ∈ I} ⊂ P∨ := Hom(P,Z), called the set of simple coroots,
satisfying the following properties:
(a) 〈hi, αj〉 = aij for all i, j ∈ I,
(b) Π is linearly independent.
The weight lattice P has a symmetric bilinear form ( | ) satisfying
(αi|λ) = di〈hi, λ〉 for all λ ∈ P.
In particular, we have (αi|αj) = diaij. Let P+ :={λ ∈ P | 〈hi, λ〉 ∈ Z≥0 for all i ∈ I} be
the set of dominant integral weights. The free abelian group Q :=⊕i∈IZαi is called the
root lattice. Set Q+ =
∑
i∈I Z≥0αi and Q
− = −Q+. For β =∑ kiαi ∈ Q, the height of
β is defined to be |β| =∑ |ki|. For each i ∈ I, let si ∈ GL(P) be the simple reflection
on P defined by si(λ) = λ− 〈hi, λ〉αi for λ ∈ P. The subgroup W of GL(P) generated
by si is called the Weyl group associated with the Cartan datum (A,P,Π,Π
∨).
Definition 1.2 ([Kac90]). The Kac-Moody Lie algebra g associated with the Cartan
datum (A,P,Π,Π∨) is the Lie algebra over Q generated by t:=Q⊗P ∨ and ei, fi (i ∈ I)
satisfying the following defining relations:
(i) t is abelian,
(ii) [h, ei] = 〈h, αi〉ei, [h, fi] = −〈h, αi〉fi,
(iii) [ei, fj] = δi,jhi,
(iv) ad(ei)
1−aijej = 0, ad(fi)1−aijfj = 0 for any i 6= j ∈ I.
Then g has the root space decomposition: g =
⊕
β∈Q gβ, where
gβ = {a ∈ g | [h, a] = 〈h, β〉a for any h ∈ t} .
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We denote by
(i) ∆ := {β ∈ Q \ {0} | gβ 6= 0}, the set of roots of g,
(ii) ∆± := ∆ ∩Q±, the set of positive roots (resp. negative roots) of g,
(iii) mult(β) := dim gβ , the multiplicity of the root β.
Let k be a commutative ring which will play the role of base ring. In this paper,
we will deal with several associative k-algebras A generated by ei, fi , K±1i (i ∈ I)
satisfying the relations
KiejK
−1
i = g
aij
i ej , KifjK
−1
i = g
−aij
i fj
for some invertible elements gi in k.
We say that A has a weight space decomposition if it is endowed with a decomposition
A =
⊕
α∈Q
Aα
such that eiAα +Aαei ⊂ Aα+αi , fiAα +Aαfi ⊂ Aα−αi and KiaK−1i = g〈hi,α〉i a for any
α ∈ Q and a ∈ Aα.
Let G be a subset of P such that G+Q ⊂ P. An A-module V is called a G-weighted
module if it is endowed with a G-weight space decomposition
V =
⊕
µ∈G
Vµ
such that AαVµ ⊂ Vµ+α, and Ki|Vµ = g〈hi,µ〉i idVµ for any α ∈ Q and µ ∈ G. A vector
v ∈ Vµ is called a weight vector of weight µ. We denote the set of weights of V by
wt(V ) := {µ ∈ G | Vµ 6= 0}.
We call an A-module M a highest weight module with highest weight Λ if M is
(Λ + Q)-weighted module and there exists a vector vΛ ∈ MΛ (called a highest weight
vector) such that
(1.1) M = A vΛ, eivΛ = 0 for all i ∈ I.
An A-module M(Λ) with highest weight Λ ∈ P is called an A-Verma module if every
A-module with highest weight Λ is a quotient of M(Λ).
For later use, we fix some notations.
(i) We denote by ModG(A) the abelian category of G-weighted A-modules V .
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(ii) We denote by OG(A) the full subcategory of ModG(A) consisting of G-weighted
A-modules V satisfying the following conditions:
(a) dimVλ <∞ for any λ ∈ G,
(b) there are finitely many λ1, . . . , λs ∈ G such that wt(V ) ⊂
⋃s
i=1(λi −Q+).
(iii) We denote by OGint(A) the full subcategory of OG(A) consisting of the modules
V satisfying the additional condition:
(c) For any i ∈ I, the actions of ei and fi on V are locally nilpotent.
Definition 1.3.
(a) We say that an A-module is integrable if it belongs to the category OPint(A).
(b) For V ∈ OP(A), we define its character by
ch(V ) =
∑
λ∈P
(dimVλ)e
λ.
Let R be a ring and let {X±1j | j ∈ J} be a family of commuting variables. Set
R[X±1j | j ∈ J ] = R⊗Z Z[X±1j | j ∈ J ].
Then the following lemma is obvious.
Lemma 1.4. (a) Let {ϕj | j ∈ J} be a family of commuting automorphisms of R.
Then R[X±1j | j ∈ J ] has a ring structure given by
X±1j a = ϕ
±1
j (a)X
±1
j (a ∈ R, j ∈ J).
(b) If J ′ ⊂ J and ϕ2j = id for all j ∈ J ′, then we may assume that X2j = 1 for all
j ∈ J ′.
In this case, we say that R[X±1j | j ∈ J ] is obtained from R by adding the mutually
commuting operators satisfying
Xj aX
−1
j = ϕj(a) (a ∈ R, j ∈ J).
For a, b ∈ k and n ∈ Z≥0 , we define
(1.2) [n]a,b =
an − bn
a− b , [n]a,b! =
n∏
k=1
[k]a,b,
[
m
n
]
a,b
=
[m]a,b!
[m− n]a,b! [n]a,b! .
12 SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH
Note that they are polynomials of a and b. Moreover, we have
[n]ac,bc = c
n−1[a]a,b, [n]ac,bc! = cn(n−1)/2[n]a,b!,
[
m
n
]
ac,bc
= cn(m−n)
[
m
n
]
a,b
,(1.3)
n∑
k=0
[
n
k
]
a,b
(ab)
k(k−1)
2 zk =
n−1∏
k=0
(1 + an−1−kbkz).(1.4)
2. The algebra Uθ,p(g)
Let θ := {θij}i,j∈I and p := ({pij}i,j∈I , {pi}i∈I) be families of invertible elements of a
commutative ring k such that pni −1 is invertible for any i and n ∈ Z>0. Define F(θ, p)
to be the k-algebra generated by ei, fi, K
±1
i (i ∈ I) with the defining relations
KiKj = KjKi, KiejK
−1
i = pijej , KifjK
−1
i = p
−1
ij fj,
eifj − θjifjei = δi,jKi −K
−1
i
pi − p−1i
.
(2.1)
Then there exists an anti-isomorphism
F(θ, p) ∼−−→F(tθ, p)(2.2)
given by
ei 7→ fi, fi 7→ ei, Ki 7→ Ki (i ∈ I),
where (tθ)ij = θji.
Let us denote by F−(θ, p) be the subalgebra of F(θ, p) generated by the fi’s (i ∈ I).
Then F−(θ, p) is a free k-algebra with {fi | i ∈ I} as generators. Similarly, let F+(θ, p)
be the subalgebra generated by the ei’s (i ∈ I) and set F0 = k[K±1i | i ∈ I]. Then we
have a triangular decomposition
F−(θ, p)⊗ k[K±1i | i ∈ I]⊗F+(θ, p) ∼−−→F(θ, p).(2.3)
We will investigate the role of θ and p in characterizing the algebra F(θ, p). Let θ′ and
p′ be another choice of such families and consider the algebra F(θ′, p′). We take a set of
invertible elements xij ,yij, εij, ci in k and let F(θ, p)[P,Q,R] (resp. F(θ′, p′)[P,Q,R])
be the algebra obtained from F(θ, p) (resp. F(θ′, p′)) by adding mutually commuting
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operators P = (P±1i ), Q = (Q
±1
i ), R = (R
±1
ij ) satisfying
PiejP
−1
i = xijej, PifjP
−1
i = x
−1
ij fj , PiKjP
−1
i = Kj ,
QiejQ
−1
i = yijej , QifjQ
−1
i = y
−1
ij fj , QiKjQ
−1
i = Kj,
RiejR
−1
i = εijej , RifjR
−1
i = ε
−1
ij fj, RiKjR
−1
i = Kj,
xijyij = εij, ε
2
ij = 1, PiQi = ciRi, R
2
i = 1.
(2.4)
Proposition 2.1. Assume that
θ′ij = εijxjix
−1
ij θij = εjiyijy
−1
ji θij , p
′
ij = εijpij , ci = xii
p′i − p′i−1
pi − p−1i
.(2.5)
Then there exists a k-algebra isomorphism
κ : F(θ, p)[P,Q,R] ∼−−→F(θ′, p′)[P,Q,R]
given by
ei 7→ eiPi, fi 7→ fiQi, Ki 7→ KiRi.(2.6)
Proof. We have
κ(eifj − θjifjei) = eiPifjQj − θjifjQjeiPi
=
(
x−1ij eifj − θjiyjifjei
)
PiQj
Since θ′ji = xijyjiθji, it is equal to
x−1ij
(
eifj − θ′jifjei
)
PiQj = δi,jx
−1
ii
Ki −K−1i
p′i − p′i−1
PiQi
= δi,jx
−1
ii ci
KiRi − (KiRi)−1
p′i − p′i−1
= κ
(
δi,j
Ki −K−1i
pi − p−1i
)
.
The other relations can be easily checked. 
Hence we obtain the following corollary.
Corollary 2.2. Suppose we have
p′ij
2
= p2ij, (p
′
ijp
′
ji)/(θ
′
ijθ
′
ji) = (pijpji)/(θijθji), p
′
ii/θ
′
ii = pii/θii.(2.7)
Then there exists a k-algebra isomorphism
κ : F(θ, p)[P,Q,R] ∼−−→F(θ′, p′)[P,Q,R]
for some choice of xij , yij, εij, ci (i, j ∈ I).
14 SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH
Now let us investigate the conditions under which the Serre type relations
n∑
k=0
xkf
(n−k)
i fjf
(k)
i = 0
can be added to the defining relations (2.1). Here,
(2.8)
[n]pi = [n]pi,p−1i
, [n]pi ! = [n]pi,p−1i
!,
[
n
m
]p
i
=
[n]pi !
[m]pi ! [n−m]pi !
,
e
(n)
i = e
n
i /[n]
p
i !, f
(n)
i = f
n
i /[n]
p
i !.
Assume for a while that
θii = 1 and pii = p
2
i .(2.9)
For i, j ∈ I with i 6= j, let
Sij :=
nij∑
m=0
xij,mf
(nij−m)
i fjf
(m)
i
for some nij ∈ Z>0 and xij,m ∈ k. We shall investigate the conditions under which Sij
satisfies: ekSij ∈ F(θ, p)ek for any k ∈ I. It is obvious that ekSij ∈ F(θ, p)ek for any k
such that k 6= i, j. Set
{x}pi = (x− x−1)/(pi − p−1i ).
Then we have
eif
(n)
i = f
(n)
i ei + f
(n−1)
i {p1−ni Ki}pi .
It follows that
eiSij =
nij∑
m=0
xij,m
(
f
(nij−m)
i ei + f
(nij−m−1)
i {p1−nij+mi Ki}pi
)
fjf
(m)
i
=
nij∑
m=0
xij,mθjif
(nij−m)
i fj
(
f
(m)
i ei + f
(m−1)
i {p1−mi Ki}pi
)
+
nij∑
m=0
xij,mf
(nij−m−1)
i fjf
(m)
i {p1−nij+mi p−1ij p−2mi Ki}pi
= θjiSijei +
nij−1∑
m=0
f
(nij−m−1)
i fjf
(m)
i
(
xij,m+1θji{p−mi Ki}pi + xij,m{p1−nij+mi p−1ij p−2mi Ki}pi
)
.
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Comparing the coefficients of K±1i , we see that eiSij ∈ F(θ, p)ei if and only if
xij,m+1θji(p
−m
i )
±1 + xij,m(p
1−nij−m
i p
−1
ij )
±1 = 0 for 0 ≤ m ≤ nij .
Hence we obtain
xij,m+1 = −θ−1ji (p1−niji p−1ij )±1xij,m.
Set xij,0 = 1. Then we have
(p
1−nij
i p
−1
ij )
2 = 1, pij = cijp
1−nij
i , xij,m = (−cijθ−1ji )m, c2ij = 1,
which yields
Sij =
nij∑
m=0
(−cijθ−1ji )mf (nij−m)i fjf (m)i .
Thus we have
ejSij =
nij∑
m=0
(−cijθ−1ji )mθnij−mij f (nij−m)i (fjej + {Kj}pj )f (m)i
= θ
nij
ij Sij + f
(nij)
i
( nij∑
m=0
(−cijθ−1ji )m
[
nij
m
]p
i
θ
nij−m
ij {p−mji Kj}pj
)
.
Hence the following quantity vanishes for ε = ±1:
nij∑
m=0
(−cijθ−1ji )m
[
nij
m
]p
i
θ
nij−m
ij pji
εm = θ
nij
ij
nij∑
m=0
[
nij
m
]p
i
(−cijθ−1ji θ−1ij pjiε)m
=
nij−1∏
k=0
(
1− p1−nij+2ki cijθ−1ji θ−1ij pjiε
)
.
Here, the last equality follows from (1.4).
Therefore there exist ℓε with |ℓε| < nij satisfying
ℓε ≡ nij − 1 mod 2, pji =
(
θjiθijcij
)ε
pℓεi .
Hence (pji)
2 = p
ℓ++ℓ−
i which implies pji = dijp
ℓij
i , where ℓij = (ℓ+ + ℓ−)/2 ∈ Z and
d2ij = 1. Then we have θijθji = cijdijp
ℓ′ij
i for some ℓ
′
ij . Since p
ℓij
i = p
ε ℓ′ij
i p
ℓε
i , we have
ℓε = ℓij − εℓ′ij. Thus we obtain
pji = dijp
ℓij
i , θijθji = cijdijp
ℓ′ij
i with d
2
ij = 1, |lij| + |l′ij| ≤ nij − 1,
ℓij + ℓ
′
ij ≡ nij − 1 mod 2
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As its solution, we take
nij = 1− aij , ℓij = nij, ℓ′ij = 0.(2.10)
With this choice, we have
pij = cijp
aij
i = djip
aji
j , θijθji = cijdji.
Hence, together with θii = 1, we obtain
p2ij = p
2aij
i , (pijpji)/(θijθji) = p
2aij
i , pii/θii = p
2
i .
Proposition 2.3. Assume that families θ := {θij}i,j∈I and p := ({pij}i,j∈I , {pi}i∈I) of
invertible elements of k satisfy the following conditions:
p2ij = p
2aij
i , (pijpji)/(θijθji) = p
2aij
i , pii/θii = p
2
i and
1− pni is an invertible element of k for any i ∈ I and n ∈ Z>0.
.(2.11)
Set pij = cijp
aij
i . Then we have
eℓ
(1−aij∑
k=0
(−cijθ−1ji )kf (1−aij−k)i fjf (k)i
)
= θ
1−aij
iℓ θjℓ
(1−aij∑
k=0
(−cijθ−1ji )kf (1−aij−k)i fjf (k)i
)
eℓ,
fℓ
(1−aij∑
k=0
(−cijθij)ke(1−aij−k)i eje(k)i
)
= θ
−1+aij
ℓi θ
−1
ℓj
(1−aij∑
k=0
(−cijθij)ke(1−aij−k)i eje(k)i
)
fℓ
for all ℓ and i 6= j in I. (Note that c2ij = 1.)
Proof. Set θ′ = {θ′ij}, p′ = ({p′ij}i,j∈I , {pi}i∈I) with θ′ij = θij/θjj and p′ij = pij/θii.
Then p′ij = (θiicij)p
aij
i and as shown in Proposition 2.1, there exists an isomorphism
κ : F(p, θ)[P,Q,R] ∼−−→F(p′, θ′)[P,Q,R] with xij = θii, yij = 1, Qi = 1, and εij = θii.
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Set
Sij =
1−aij∑
k=0
(−(θiicij)θ′ji−1)kf (1−aij−k)i fjf (k)i
=
1−aij∑
k=0
(−cijθ−1ji )kf (1−aij−k)i fjf (k)i ∈ F(p, θ) for i 6= j.
Then we have eℓκ(Sij) = θ
′
iℓ
1−aijθ′jℓκ(Sij)eℓ. On the other hand, we have
κ−1(eℓ)f
(1−aij−k)
i fjf
(k)
i = eℓP
−1
ℓ f
(1−aij−k)
i fjf
(k)
i = eℓθ
2−aij
ℓℓ f
(1−aij−k)
i fjf
(k)
i P
−1
ℓ .
Hence we obtain the first equality.
The other equality follows from this equality by applying the anti-automorphism
(2.2). 
The condition (2.11) implies
(θijθji)
2 = 1, θ2ii = 1, θijθji = pijp
−1
ji , p
2aij
i = p
2aji
j .(2.12)
Conversely, for any family {pi}i∈I of elements in k× satisfying (2.12), we can find
θ = {θij}i,j∈I and p = ({pij}i,j∈I , {pi}i∈I) satisfying (2.11). Indeed, it is enough to take
pij = p
aij
i , θii = 1, θijθji = p
aij
i p
−aji
j (i 6= j).
Note that under the condition (2.11), we have
eif
(n)
i = θ
n
iif
(n)
i ei + θ
n−1
ii f
(n−1)
i {p1−ni Ki}pi .(2.13)
Definition 2.4. Assume that θ = {θij}i,j∈I and p = ({pij}i,j∈I , {pi}i∈I) satisfy the
condition (2.11). We define the quantum algebra Uθ,p(g) to be the quotient of F(θ, p)
by imposing the Serre relations:
(2.14)
1−aij∑
k=0
(−cijθ−1ji )kf (1−aij−k)i fjf (k)i = 0 (i 6= j),
1−aij∑
k=0
(−cijθij)ke(1−aij−k)i eje(k)i = 0 (i 6= j).
Note that
cijθ
−1
ji = θijp
−1
ji p
aij
i , cijθij = θ
−1
ji pijp
−aij
i .
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Hence there exists an automorphism ψ : Uθ,p(g)→ Uθ,p(g) given by
(2.15) ei 7→ fiK−1i , fi 7→ Kiei, Ki 7→ K−1i θii,
It is easy to see that the algebra Uθ,p(g) has a Q-weight space decomposition
Uθ,p(g) =
⊕
α∈Q
Uθ,p(g)α
with K±1i ∈ Uθ,p(g)0, ei ∈ Uθ,p(g)αi , fi ∈ Uθ,p(g)−αi . Let U+θ,p(g) (resp. U−θ,p(g)) be the
k-subalgebra of Uθ,p(g) generated by fi’s (resp. ei’s) (i ∈ I) and set U0θ,p(g) = k[K±1i |
i ∈ I]. By a standard argument, we obtain a triangular decomposition of Uθ,p(g):
Proposition 2.5. The multiplication on Uθ,p(g) induces an isomorphism
U−θ,p(g)⊗U0θ,p(g)⊗U+θ,p(g) ∼−−→Uθ,p(g).
Let G be a subset of P such that G +Q ⊂ P. For each i ∈ I, let us take a function
χi : G→ k× such that
χi(λ)
2 = p
2〈hi,λ〉
i , χi(λ+ αj) = pij χi(λ) for all λ ∈ G, j ∈ I.(2.16)
Such a χi always exists as seen in Lemma 2.6 below. We say that a Uθ,p(g)-module V
is a G-weighted module if it is endowed with a G-weight-space decomposition
V =
⊕
λ∈G
Vλ
such that Uθ,p(g)αVλ ⊂ Vλ+α for any α ∈ Q, λ ∈ G and Ki|Vλ = χi(λ)idVλ for any
λ ∈ P, i ∈ I.
We define ModG(Uθ,p(g)), OG(Uθ,p(g)) and OGint(Uθ,p(g)) in the same way as in Sec-
tion 1. The category ModG(Uθ,p(g)) does not depend on the choice of {χi}i∈I in the
following sense.
Lemma 2.6. Let G be a subset of P such that G+Q ⊂ P.
(i) There exists {χi}i∈I satisfying the condition (2.16).
(ii) For another choice of {χ′i}i∈I satisfying (2.16), let ModG(Uθ,p(g))′ be the category
of G-weighted Uθ,p(g)-modules with respect to {χ′i}i∈I . Then there is an equiva-
lence of categories
Φ: ModG(Uθ,p(g)) ∼−−→ModG(Uθ,p(g))′.
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Proof. (i) We may assume that G = λ0 + Q for some λ0. Then it is enough to take
χi(λ0 +
∑
j∈I mjαj) = p
〈hi,λ0〉
i
∏
j∈I p
mj
ij .
(ii) Set ξi(λ) = χ
′
i(λ)χi(λ)
−1. Then we have ξi(λ + αj) = ξi(λ) and ξi(λ)2 = 1. For
M ∈ ModG(Uθ,p(g)), we define Φ(M) = {ϕ(u) | u ∈ M} with the actions
Kiϕ(u) = ϕ(ξi(λ)Kiu), eiϕ(u) = ϕ(ξi(λ)eiu), fiϕ(u) = ϕ(fiu) for u ∈Mλ.
We can easily see that Φ(M) belongs to ModG(Uθ,p(g))
′, and hence Φ gives a desired
equivalence. 
The following proposition is a consequence of Proposition 2.1.
Proposition 2.7. Under the condition (2.11), the category ModG(Uθ,p(g)) depends
only on {p2i }i∈I .
Proof. Assume that p = ({pij}i,j∈I , {pi}i∈I) and p′ = ({p′ij}i,j∈I , {p′i}i∈I) satisfy (2.11)
and also p2i = p
′
i
2. Then the condition (2.7) is satisfied. Therefore, there exist xi,j , yi,j,
εi,j and ci in k
× such that ε2i,j = 1 and (2.5) holds. Hence, Proposition 2.1 implies that
there exists an isomorphism κ : F(θ, p)[P,Q,R] ∼−−→F(θ′, p′)[P,Q,R] satisfying (2.6).
Now we can check easily that κ sends the Serre relation in F(θ, p) to the Serre relation
in F(θ′, p′), which implies that κ induces an isomorphism
κ′ : Uθ,p(g)[P,Q,R] ∼−−→Uθ′,p′(g)[P.Q,R].
Now we shall show ModG(Uθ,p(g)) and Mod
G(Uθ′,p′(g)) are equivalent. We may as-
sume that G = λ0 + Q for some λ0 ∈ P without loss of generality. Then for M ∈
ModG(Uθ,p(g)), we define the action of Pi, Qi, Ri by
Piu = (
∏
j∈I
x
mj
i,j )u, Qiu = ci(
∏
j∈I
y
mj
i,j )u, Riu = (
∏
j∈I
ε
mj
i,j )u
for u ∈Mλ with λ = λ0+
∑
j∈I mjαj . Then it is obvious that P = (Pi)i∈I , Q = (Qi)i∈I
and R = (Ri)i∈I satisfy the relations (2.4). HenceM has a structure of Uθ,p(g)[P,Q,R].
Then the isomorphism κ′ induces a Uθ′,p′(g)[P.Q,R]-module structure on M . Thus
we obtain a functor ModG(Uθ,p(g)) → ModG(Uθ′,p′(g)). It is obvious that it is an
equivalence of categories. 
Recall that piiθ
−1
ii = p
2
i and that if
(p2i )
aij = (p2j)
aji for any i, j ∈ I,
then we can find θ and p satisfying (2.11).
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Let us take χi : P→ k× satisfying the condition (2.16).
For Λ ∈ P, the Verma module Mθ,p(Λ) is the P-weighted Uθ,p(g)-module generated
by a vector uΛ of weight Λ with the defining relations:
(2.17) KiuΛ = χi(Λ)uΛ, eiuΛ = 0 for all i ∈ I.
Then U−θ,p(g)→ Mθ,p (a 7→ auΛ) is a U−θ,p(g)-linear isomorphism.
There exists a unique maximal submodule Nθ,p(Λ) of Mθ,p(Λ) such that Nθ,p(Λ) ∩
kuΛ = 0. Let
(2.18) Vθ,p(Λ) := Mθ,p(Λ)/Nθ,p(Λ).
Then Vθ,p is generated by vΛ which is the image of uΛ. If Λ ∈ P+, then Vθ,p(Λ) belongs
to OPint(Uθ,p(g)) and we have f 〈hi,Λ〉+1i vΛ = 0 for any i ∈ I.
Conjecture 2.8. When k is a field, the representation theory of Uθ,p(g) is similar to
that of quantum group.
More precisely, we conjecture that
(i) ch(U−θ,p(g)) :=
∑
µ∈Q
(
dimk U
−
θ,p(g)µ
)
eµ =
∏
α∈∆+(1− e−α)−mult(α),
(ii) the category OPint(Uθ,p(g)) is semisimple,
(iii) for any Λ ∈ P+, the Uθ,p(g)-module Vθ,p(Λ) is a simple object in OPint(Uθ,p(g)) and
is isomorphic to
Uθ,p(g)/
∑
i∈I
(
Uθ,p(g)(Ki − χi(Λ)) + Uθ,p(g)ei + Uθ,p(g)f 〈hi,Λ〉+1i
)
.
That is, Vθ,p(Λ) is generated by vΛ with defining relations
KivΛ = χi(Λ)vΛ, eivΛ = 0, f
〈hi,Λ〉+1
i vΛ = 0 for all i ∈ I.
(iv) every simple module in OPint(Uθ,p(g)) is isomorphic to Vθ,p(Λ) for some Λ ∈ P+,
(v) for any Λ ∈ P+, we have
ch(Vθ,p(Λ)) :=
∑
µ∈P
(
dimVθ,p(Λ)µ
)
eµ =
∑
w∈W ǫ(w)e
w(Λ+ρ)−ρ∏
α∈∆+(1− e−α)mult(α)
,
where ρ is an element of P such that 〈hi, ρ〉 = 1 for all i ∈ I.
Note that we have assumed that any pi is not a root of unity.
The notion of quantum Kac-Moody superalgebras introduced in [KT91, BKM98] is
a special case of Uθ,p(g). We will show that our conjecture holds for such algebras
(Theorem 4.16). Our proof depends on their results (Corollary 4.3).
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Now we will prove the Uθ,p(g)-version of [KMPY96, Proposition B.1] under the con-
dition (2.11). We assume that the base ring k is a field and that any of pi is not a root
of unity. We say that an F(θ, p)-module M is integrable if
(i) M has a weight decomposition
M =
⊕
λ∈P
Mλ
such that F(θ, p)αMλ ⊂Mλ+α and K2i |Mλ = p2〈hi,λ〉i idMλ,
(ii) the action of Ki on M is semisimple for any i,
(iii) the actions of ei and fi on M are locally nilpotent for all i ∈ I.
Proposition 2.9. LetM be an integrable F(θ, p)-module. ThenM is a Uθ,p(g)-module.
That is, the actions of ei and fi on M satisfy the Serre relations in (2.14).
We begin with the following lemma.
Lemma 2.10. Let M be an integrable F(θ, p)-module. Fix i ∈ I and let ϕ be a k-linear
endomorphism of M . Suppose that ϕ satisfies the following conditions:
(a) ϕ is of weight µ; i.e., ϕ(Mλ) ⊂Mλ+µ for any λ ∈ P,
(b) eiϕ = cϕei for some c ∈ k×.
Then 〈hi, µ〉 < 0 implies ϕ = 0.
Proof. By Proposition 2.1, we may assume that θii = 1. Let Si be the operator defined
by Si|Mλ = p−〈hi,λ〉i KiidMλ . Then S2i = 1 and the algebra generated by ei, fiSi, KiSi is
isomorphic to Uq(sl2). Hence we can reduce our statement to the one for integrable
Uq(sl2)-modules.
Recall that any integrable Uq(sl2)-module is semisimple and generated by the vectors
killed by fi.
Hence it is enough to show that ϕ(Uq(sl2)v) = 0 for any v ∈ Mλ with fiv = 0. Set
m = −〈hi, λ〉 ∈ Z≥0. Then em+1i v = 0 and hence em+1i ϕ(v) = cm+1ϕ(em+1i v) = 0.
On the other hand, setting n = −〈hi, µ〉 > 0, the map em+ni : Mλ+µ → Msi(λ+µ) is
bijective. Hence em+ni ϕ(v) = 0 implies ϕ(v) = 0. Therefore we obtain ϕ(e
k
i v) = 0 for
any k. 
Proof of Proposition 2.9. Let us denote by Sij the multiplication operator on M by∑1−aij
k=0 (−cijθ−1ji )kf (1−aij−k)i fjf (k)i . Then Sij has weight µ = −(1−aij)αi−αj . Moreover,
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eiSij = cSijei for some c ∈ k× by Proposition 2.3. Since 〈hi, µ〉 = −2(1 − aij)− aij =
−2 + aij < 0, we have Sij = 0. . 
3. The algebra Uθ˜,p˜(g)
In this section, we introduce another generalization of quantum groups. Let θ˜ :=
{θ˜ij}i,j∈I and p˜ := {p˜i}i∈I be families of invertible elements in the base ring k such that
1 − p˜ni is invertible for any n ∈ Z>0. We define H(θ˜, p˜) to be the k-algebra generated
by ei, fi, K˜
±1
i with the defining relations
K˜iK˜j = K˜jK˜i, K˜iejK˜
−1
i = p˜
aij
i ej , K˜ifjK˜
−1
i = p˜
−aij
i fj ,
eifj − θ˜jifjei = δi,j 1− K˜i
1− p˜i .
(3.1)
Then there exists an anti-isomorphism
H(θ˜, p˜) ∼−−→H(tθ˜, p˜)(3.2)
given by
ei 7→ fi, fi 7→ ei, K˜i 7→ K˜i,
where (tθ˜)ij = θ˜ji.
We embed k[K˜±1i | i ∈ I] into k[K±1i | i ∈ I] by K˜i = K2i . If p2ij = p˜aiji for i, j ∈ I,
then H(θ˜, p˜) ⊗
k[K˜±1
i
| i∈I]
k[K±1i | i ∈ I] has a ring structure given by
KiejK
−1
i = pijej , KifjK
−1
i = p
−1
ij fj.
Proposition 3.1. Let θ :={θij}i,j∈I and p:=({pij}i,j∈I , {pi}i∈I) be families of invertible
elements in k such that
θ˜ij = θijp
−1
ji , p˜
aij
i = p
2
ij, p˜i = p
2
i .(3.3)
Then we have a k-algebra isomorphism
φ : H(θ˜, p˜) ⊗
k[K˜±1i |i∈I]
k[K±1i | i ∈ I] ∼−−→F(θ, p)
given by
ei 7→ p−1i pii eiKi, fi 7→ fi, Ki 7→ Ki (i ∈ I).
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Proof. we have
φ(eifj − θ˜jifjei) = p−1i pii(eiKifj − θjip−1ij fjeiKi)
= p−1i piip
−1
ij (eifj − θjifjei)Ki
= δi,jp
−1
i
Ki −K−1i
pi − p−1i
Ki = δi,j
K2i − 1
p2i − 1
= φ
(
δi,j
1− K˜i
1− p˜i
)
,
which proves our claim. 
If (2.11) and (3.3) are satisfied, then we have
θ˜ij θ˜ji = p˜
−aij
i and θ˜ii = p˜
−1
i ,(3.4)
which implies
p˜i
aij = p˜j
aji(3.5)
Conversely, if the family {p˜i}i∈I satisfies (3.5), then we can find {θ˜ij}i,j∈I satisfying
(3.4).
Let θ˜ = {θ˜ij} and p˜ = {p˜i} be families of elements in k× satisfying (3.4). Set
〈n〉 p˜i :=
1− p˜ni
1− p˜i , 〈n〉
p˜
i ! :=
n∏
k=1
〈k〉 p˜i , e<n>i := eni /〈n〉 p˜i !, f<n>i = fni /〈n〉 p˜i !.(3.6)
Then under the condition (3.3), we have
〈n〉 p˜i = pn−1i [n]pi and 〈n〉 p˜i ! = pn(n−1)/2i [n]pi !.
Hence we have
f
(n)
i = p
n(n−1)/2
i f
<n>
i .
Take pi ∈ k× such that p2i = p˜i and set
pij = p
aij
i and θij = θ˜ijp
aji
j .(3.7)
Then (2.11) and (3.3) hold. Since we have
f
(1−aij−k)
i fjf
(k)
i = p
−(1−aij )aij/2−k(1−aij−k)
i f
<1−aij−k>
i fjf
<k>
i
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and
(−cijθ−1ji )kp−(1−aij)aij/2−k(1−aij−k)i
= (−cij θ˜−1ji p−1ij )kp−(1−aij)aij/2−k(1−aij−k)i
= (−θ˜−1ji p−aiji )kp−(1−aij )aij/2−k(1−aij−k)i
= (−θ˜ji)−k p˜ik(k−1)/2p−(1−aij)aij/2i ,
Proposition 2.3 implies that
S ′ij :=
1−aij∑
k=0
(−θ˜ji)−kp˜ik(k−1)/2f<1−aij−k>i fjf<k>i
quasi-commutes with ek’s for all k (i.e., ekS
′
ij ∈ k×S ′ijek). Hence by applying the anti-
involution (3.2), we see that
1−aij∑
k=0
(−θ˜ij)−kp˜ik(k−1)/2e<k>i eje<1−aij−k>i quasi-commutes
with all the eℓ’s.
Definition 3.2. Assume that θ˜ and p˜ satisfy the condition (3.4). We define the
quantum algebra Uθ˜,p˜(g) to be the quotient of H(θ˜, p˜) by imposing the Serre relation:
(3.8)
1−aij∑
k=0
(−θ˜ji)−kp˜ik(k−1)/2f<1−aij−k>i fjf<k>i = 0 (i 6= j),
1−aij∑
k=0
(−θ˜ij)−kp˜ik(k−1)/2e<k>i eje<1−aij−k>i = 0 (i 6= j).
We can see that the algebra Uθ˜,p˜(g) has a Q-weight space decomposition
Uθ˜,p˜(g) =
⊕
α∈Q
Uθ˜,p˜(g)α.
Let U+
θ˜,p˜
(g) (resp. U−
θ˜,p˜
(g)) be the k-subalgebra of Uθ˜,p˜(g) generated by the fi’s (resp.
the ei’s) (i ∈ I) and set U0θ˜,p˜(g) = k[K˜±1i | i ∈ I]. By a standard argument, we have:
Lemma 3.3. The multiplication on Uθ˜,p˜(g) induces an isomorphism
U−
θ˜,p˜
(g)⊗U0
θ˜,p˜
(g)⊗U+
θ˜,p˜
(g) ∼−−→Uθ˜,p˜(g).
Note that we have an algebra isomorphism:
U−
θ˜,p˜
(g) ≃ U−θ,p(g).(3.9)
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For a subset G of P such that G + Q ⊂ P, a Uθ˜,p˜(g)-module V is called a G-weight
module if it is endowed with a G-weight space decomposition
V =
⊕
µ∈G
Vµ
such that Uθ˜,p˜(g)αVµ ⊂ Vµ+α and K˜i|Vµ = p˜〈hiµ〉i idVµ for any α ∈ Q and µ ∈ G. We define
the categories ModG(Uθ˜,p˜(g)), OG(Uθ˜,p˜(g)) and OGint(Uθ˜,p˜(g)) in the same manner as in
Section 1. The following proposition is an immediate consequence of Proposition 2.7
and Proposition 3.1.
Proposition 3.4. Assume that θ˜ := {θ˜ij}i,j∈I, p˜ := {p˜i}i∈I , θ := {θij}i,j∈I and p :=
({pij}i,j∈I , {pi}i∈I) satisfy (3.3) and (3.4). Then the following statements hold.
(i) The relation (2.11) is satisfied.
(ii) There exist equivalences of categories
ModG(Uθ˜,p˜(g)) ≃ ModG(Uθ,p(g)) and OGint(Uθ˜,p˜(g)) ≃ OGint(Uθ,p(g)).
(iii) The category ModG(Uθ˜,p˜(g)) depends only on the parameters {p˜i}i∈I satisfying
p˜
aij
i = p˜
aji
j .
Let Uθ,p(g)[Ti | i ∈ I] be the algebra obtained from Uθ,p(g) by adding the mutually
commuting operators Ti (i ∈ I) with the multiplication given by
TiejT
−1
i = θjiej , TifjT
−1
i = θ
−1
ji fj, TiKjT
−1
i = Kj for any j ∈ I.(3.10)
We will introduce another kind of algebra that acts on U−θ,p(g) and U−θ˜,p˜(g). We first
prove:
Lemma 3.5. For any P ∈ U−θ,p(g), there exist unique Q, R ∈ U−θ,p(g) such that
eiP − (T−1i PTi)ei =
(T−1i QTi)Ki −K−1i R
pi − p−1i
.(3.11)
Proof. The uniqueness follows from Proposition 2.5. Using induction on the height of
P , it is enough to show (3.11) for fjP assuming (3.11) for P . If (3.11) holds for P ,
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then we have
(3.12)
eifjP − (T−1i fjPTi)ei
=
(
eifj − (T−1i fjTi)ei
)
P + (T−1i fjTi)
(
eiP − (T−1i PTi)ei
)
= δi,j
Ki −K−1i
pi − p−1i
P + θjifj
(T−1i QTi)Ki −K−1i R
pi − p−1i
=
(T−1i fjQTi + δi,jKiPK
−1
i )Ki −K−1i (θjip−1ij fjR + δi,jP )
pi − p−1i
.

We define the endomorphisms e′i and e
∗
i of U
−
θ,p(g) by
e′i(P ) = R, e
∗
i (P ) = Q.
Assume that θ˜ and p˜ satisfy (3.3). Then by Proposition 3.1, we have
U−θ,p(g) ≃ U−θ˜,p˜(g)(3.13)
and hence we may also regard e′i and e
∗
i as endomorphisms of U−θ˜,p˜(g). Note that fi can
be regarded as an operator on U−θ,p(g) given by left multiplication. Thus we have the
following relations in End(U−θ,p(g)) ≃ End(U−θ˜,p˜(g)) as is shown by (3.12):
(3.14) e′ifj = θjip
−1
ij fje
′
i + δi,j , e
∗
i fj = fje
∗
i + δi,j Ad(TiKi).
More generally, we have
Lemma 3.6. For a, b ∈ U−θ,p(g), we have
e′i(ab) = (e
′
ia)b+
(
Ad(T−1i Ki)a
)
e′ib,
e∗i (ab) = (e
∗
ia)
(
Ad(TiKi)b
)
+ ae∗i b.
Proof. We have(
eiab− T−1i abTiei
)
=
(
eia− T−1i aTiei
)
b+ T−1i aTi
(
eib− T−1i bTiei
)
=
T−1i (e
∗
ia)TiKi −K−1i e′ia
pi − p−1i
b− T−1i aTi
T−1i (e
∗
i b)TiKi −K−1i e′ib
pi − p−1i
=
T−1i (e
∗
ia)(TiKibT
−1
i K
−1
i )Ki −K−1i (e′ia)b
pi − p−1i
−T
−1
i a(e
∗
i b)TiKi −K−1i (KiT−1i aTiK−1i )e′ib
pi − p−1i
,
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which proves our assertion. 
Recalling θ˜ij = θijp
−1
ji = θ
−1
ji p
−1
ij , we obtain
e′ifj = θ˜jifje
′
i + δi,j .
Using induction on n, we obtain
(3.15) e′ni fj = θ˜
n
jifje
′n
i + δi,jp
1−n
i [n]
p
i e
′n−1
i .
Definition 3.7. We define the quantum boson algebra Bθ˜,p˜(g) to be the k-algebra
generated by e′i, fi (i ∈ I) satisfying the following defining relations :
(3.16)
e′ifj = θ˜jifje
′
i + δi,j,
1−aij∑
k=0
(−θ˜ijpaiji )k
[
1− aij
k
]p
i
e′i
1−aij−ke′je
′
i
k = 0 (i 6= j),
1−aij∑
k=0
(−θ˜ijpaiji )k
[
1− aij
k
]p
i
f
1−aij−k
i fjf
k
i = 0 (i 6= j).
Note that p
kaij
i
[
1− aij
k
]p
i
∈ Z[p2i , p−2i ]. There is an anti-isomorphism Bθ˜,p˜(g) ↔
Btθ˜,p˜(g) given by
(3.17) e′i ↔ fi, fi ↔ e′i, where (tθ˜)ij = θ˜ji.
Proposition 3.8. The algebras U−θ,p(g) and U−θ˜,p˜(g) have a structure of left Bθ˜,p˜(g)-
modules and they are isomorphic as Bθ˜,p˜(g)-modules.
Proof. We have only to verify the second relation in Definition 3.7. For i 6= j and
b := 1− aij , let
S =
b∑
n=0
xne
′
i
b−ne′je
′
i
n,
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where xn = (−θ˜ijp1−bi )n
[
b
n
]p
i
= (−θ˜−1ji pb−1i )−n
[
b
n
]p
i
. It is enough to show that S quasi-
commutes with all the fk’s as an operator on U
−
θ,p(g). We have
e′i
b−ne′je
′
i
nfk = e
′
i
b−ne′j(θ˜
n
kifke
′
i
n + δk,ip
1−n
i [n]
p
i e
′
i
n−1)
= θ˜nkie
′
i
b−n(θ˜kjfke′j + δk,j)e
′
i
n + δk,ip
1−n
i [n]
p
i e
′
i
b−ne′je
′
i
n−1
= θ˜nkiθ˜kj(θ˜
b−n
ki fke
′
i
b−n + δk,ip1−b+ni [b− n]pi e′ib−n−1)e′je′in
+δk,jθ˜
n
kie
′
i
b + δk,ip
1−n
i [n]
p
i e
′
i
b−ne′je
′
i
n−1
= θ˜bkiθ˜kjfke
′
i
b−ne′je
′
i
n + δk,j θ˜
n
kie
′
i
b
+δk,i
(
θ˜nkiθ˜kjp
1−b+n
i [b− n]pi e′ib−n−1e′je′in + p1−ni [n]pi e′ib−ne′je′in−1
)
.
Using θ˜ii = p
−2
i , we have
Sfk = θ˜
b
kiθ˜kjfkS + δk,j
( b∑
n=0
xnθ˜
n
ji
)
e′i
b
+ δk,i
( b∑
n=0
xnθ˜ijp
1−b−n
i [b− n]pi e′ib−n−1e′je′in +
b∑
n=0
xnp
1−n
i [n]
p
i e
′
i
b−ne′je
′
i
n−1
)
.
The second term vanishes since
b∑
n=0
xnθ˜
n
ji =
b∑
n=0
(−pb−1i )n
[
b
n
]p
i
= 0.
Since
[
b
n
]p
i
[b − n]pi =
[
b
n+ 1
]p
i
[n + 1]pi , the coefficient of e
′
i
b−n−1e′je
′
i
n in the third
term is equal to
xnθ˜ijp
1−b−n
i [b− n]pi + xn+1p−ni [n + 1]pi
= (−θ˜ijp1−bi )n
[
b
n
]p
i
θ˜ijp
1−b−n
i [b− n]pi + (−θ˜ijp1−bi )n+1
[
b
n+ 1
]p
i
p−ni [n+ 1]
p
i = 0
as desired. 
The following lemma will be used when we prove that, if the base ring is a field, then
U−θ,p(g) is a simple Bθ˜,p˜(g)-module in the case of quantum Kac-Moody superalgebras.
Lemma 3.9. For i, j ∈ I, we have
e′ie
∗
j = e
∗
je
′
i.
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Proof. Set S = e′ie
∗
j − e∗je′i. It is enough to show that S quasi-commutes with fk for
any k ∈ I. The relation (3.15) yields
e′ie
∗
jfk = e
′
i(fke
∗
j + δj,k Ad(TjKj))
= (θ˜kifke
′
i + δi,k)e
∗
j + δj,ke
′
iAd(TjKj)
= θ˜kifke
′
ie
∗
j + δi,ke
∗
j + δj,ke
′
iAd(TjKj).
Similarly, we have
e∗je
′
ifk = e
∗
j(θ˜kifke
′
i + δi,k)
= θ˜ki
(
fke
∗
j + δj,k Ad(TjKj)
)
e′i + δi,ke
∗
j
= θ˜kifke
∗
je
′
i + δj,kθ˜jiAd(TjKj)e
′
i + δi,ke
′′
j .
Since we have Ad(TjKj)e
′
i = θijpjie
′
i = θ˜
−1
ji e
′
i, we obtain
Sfk = θ˜
−1
jk θ˜kifkS.

Proposition 3.10. Suppose that the following condition holds:
(3.18)
If P ∈ U−θ,p(g) satisfies eiP ∈ U−θ,p(g)ei for all i ∈ I,
then P is a constant multiple of 1.
Then any Q-weighted Bθ˜,p˜(g)-submodule N of U
−
θ,p(g) vanishes if N ∩ k = 0.
Proof. Suppose N ∩ k = 0. It is obvious that any non-zero Bθ˜,p˜(g)-submodule N of
U−θ,p(g) should have a non-zero highest weight vector with respect to the action of e
′
i
for all i ∈ I. Hence it is enough to show that a highest weight vector u of weight α 6= 0
vanishes. We will show this by induction on the height |α| of α. If α = −αi, then
u = fi up to a constant multiple, and it is not a highest weight vector. Assume that
|α| ≥ 2. Then e∗iu is a highest weight vector by the preceding lemma. By induction
hypothesis, we have e∗iu = 0 which implies eiu ∈ Uθ,p(g)ei. Then by our assumption, u
must be a constant multiple of 1, which is a contradiction. 
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4. Quantum Kac-Moody superalgebras
In this section, we show that quantum Kac-Moody superalgebras arise as a special
case of the algebras Uθ,p(g) and we study their structure and representation theory.
We first recall the definition and their properties following [BKM98].
4.1. Quantum Kac-Moody superalgebras. A Cartan superdatum is a Cartan da-
tum (A,P,Π,Π∨) endowed with a decomposition I = Ieven ⊔ Iodd of I such that
aij ∈ 2Z for all i ∈ Iodd and j ∈ I.(4.1)
For a Cartan superdatum (A,P,Π,Π∨), we define the parity function p: I → {0, 1} by
p(i) = 1 if i ∈ Iodd and p(i) = 0 if i ∈ Ieven.
We extend the parity function on In and Q+ as follows:
p(ν) :=
n∑
k=1
p(νk), p(β) :=
r∑
k=1
p(ik) for all ν ∈ In and β =
r∑
k=1
αik ∈ Q+.
We denote by Peven := {λ ∈ P | 〈hi, λ〉 ∈ 2Z for all i ∈ Iodd} and P+even := P+ ∩ Peven.
Let π be an indeterminate with the defining relation π2 = 1. Then we have Z[π] =
Z⊕Zπ. Let √π be an indeterminate such that (√π)2 = π. Hence Z[√π] = Z⊕Z√π⊕
Zπ ⊕ Z(√π)−1. For a ring R, we define the rings Rπ and R√π by
(4.2) Rπ :=R⊗Z[π] and R
√
π := R⊗Z[√π].
For each i ∈ I, set πi := πp(i) and choose √πi ∈ Z[
√
π] such that (
√
πi)
2 = πi.
Note that we have four choices of
√
πi. The element
√
πi may not be contained in Z[π]
but
√
πi
aij ∈ Z[π]× because √πi = ±1 or ±π for i ∈ Ieven and aij ∈ 2Z for i ∈ Iodd.
Throughout this section, we fix a choice of
√
πi.
Let q be an indeterminate, and set
A = Z[q, q−1], qi = qdi, [n]πi = [n]πiqi, q−1i =
(πiqi)
n − q−ni
πiqi − q−1i
for n ∈ Z≥0.(4.3)
We define [n]πi ! and
[
n
m
]π
i
in a natural way. Recall that di ∈ Z>0 satisfies diaij = djaji.
Hence we have q
aij
i = q
aji
j .
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Let k = Q(q)
√
π. The quantum Kac-Moody superalgebra Uqθ(g) is the k-algebra Uθ,p(g)
with
(4.4) pi = qi
√
πi, pij = q
aij
i , θijθji = 1, θii = πi.
Note that θ := {θij}i,j∈I and p := ({pij}i,j∈I , {pi}i∈I) satisfy the condition (2.11). We
have
√
πi
2aij = 1 and hence p
2aij
i = q
2aij
i . Hence, by multiplying ei by a constant, the
explicit description of the algebra Uqθ(g) can be given as follows:
Definition 4.1 ([BKM98, Definition 2.7]). The quantum Kac-Moody superalgebra
Uqθ(g) associated with a Cartan superdatum (A,P,Π,Π
∨) and θ is the algebra over
k = Q(q)
√
π generated by ei, fi and K
±1
i (i ∈ I) subject to the following defining
relations:
KiKj = KjKi, KiejK
−1
i = q
aij
i ej , KifjK
−1
i = q
−aij
i fj ,
eifj − θjifjei = δi,jKi −K
−1
i
qiπi − q−1i
,
1−aij∑
k=0
(−θij)kπ
k(k−1)
2
i f
{1−aij−k}
i fjf
{k}
i = 0 (i 6= j),
1−aij∑
k=0
(−θij)kπ
k(k−1)
2
i e
{1−aij−k}
i eje
{k}
i = 0 (i 6= j),
where f
{n}
i = f
n
i /[n]
π
i ! and e
{n}
i = e
n
i /[n]
π
i !.
We recall some of the basic properties of highest weight Uθq(g)-modules proved in
[BKM98]. We denote by Vqθ(Λ) = Vθ,p(Λ) the U
q
θ(g)-module defined in (2.18). Choose
χi such that χi(λ) = p
〈hi,λ〉
i for λ ∈ Peven. Then, we have
Kiu = p
〈hi,λ〉
i u = ciq
〈hi,λ〉
i u for all λ ∈ Peven and u ∈ Vλ,
where ci :=
√
πi
〈hi,λ〉 satisfies c2i = 1. Hence the notion of weight space in this paper
is the same as the one in [BKM98] for Peven-weighted U
q
θ(g)-modules (after applying
the automorphism Ki 7→ ciKi, ei 7→ ciei). However, the notion of weight spaces in
[BKM98] is different from ours when the weights are not in Peven. (See also Section
8.5.)
Theorem 4.2 ([BKM98, Theorem 4.15]).
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(a) For Λ ∈ P+even, the Uqθ(g)-module Vqθ(Λ) is generated by a highest weight vector vΛ
with the defining relations:
(4.5) KivΛ = p
〈hi,Λ〉
i vΛ, eivΛ = 0, f
〈hi,Λ〉+1
i vΛ = 0 for all i ∈ I.
(b) We have {u ∈ Vqθ(Λ) | eiu = 0 for any i ∈ I} = kvΛ.
(c) The category OPevenint (C(q) ⊗
Q(q)
Uqθ(g)) is semisimple and every simple object is iso-
morphic to Vqθ(Λ)
/
(
√
π − c)Vqθ(Λ) for some Λ ∈ P+even and c ∈ C such that c4 = 1.
(d) For Λ ∈ P+even, the weight spaces of Uθq(g)− and Vqθ(Λ) are free k-modules, and their
ranks are given by
ch(Uθq(g)
−) :=
∑
µ∈Q
(
rankQ(q)
√
π U
q
θ(g)µ
)
eµ =
∏
α∈∆+
(1− e−α)−mult(α),
ch(Vθ,p(Λ)) :=
∑
µ∈P
(
rankQ(q)
√
π V
q
θ(Λ)µ
)
eµ =
∑
w∈W ǫ(w)e
w(Λ+ρ)−ρ∏
α∈∆+(1− e−α)mult(α)
,
where ρ is an element of P such that 〈hi, ρ〉 = 1 for all i ∈ I,
The following corollary will play a crucial role in studying the representation theory
of Uqθ(g).
Corollary 4.3. We have{
a ∈ Uθq(g)− | eia ∈ Uqθ(g)ei for any i ∈ I
}
= k.
Proof. We may assume that a is a weight vector of weight different from 0. Then,
we have avΛ = 0 for any Λ ∈ P+even by Theorem 4.2 (b). Hence, a belongs to∑
i∈I U
−
θ,p(g)f
1+〈hi,Λ〉
i for any Λ ∈ P+even, which implies that a = 0. 
4.2. The algebra U(g). Now we will take another choice of θ and p satisfying (2.11):
pi = qi
√
πi, pij = p
aij
i , θij =

√
πj
aji if i 6= j,
1 if i = j
(4.6)
Note that θij ∈ Z[π] and θ2ij = 1.
We denote by U(g) the k-algebra Uθ,p(g) for this choice. The explicit description of
the algebra U(g) is given as follows.
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Definition 4.4. The algebra U(g) associated with a Cartan superdatum (A,P,Π,Π∨)
is the algebra over k = Q(q)
√
π generated by ei, fi and K
±1
i (i ∈ I) subject to the
following defining relations:
(4.7)
KiKj = KjKi, KiejK
−1
i = p
aij
i ej, KifjK
−1
i = p
−aij
i fj ,
eifj − θjifjei = δi,jKi −K
−1
i
pi − p−1i
(i, j ∈ I),
1−aij∑
k=0
(−θji)kf (1−aij−k)i fjf (k)i = 0 (i 6= j),
1−aij∑
k=0
(−θij)ke(1−aij−k)i eje(k)i = 0 (i 6= j),
where f
(k)
i = f
k
i /[k]
p
i ! and e
(k)
i = e
k
i /[k]
p
i !.
Let U−(g) (resp. U+(g)) be the k-subalgebra of U(g) generated by the fi’s (resp.
the ei’s) and let U
0(g) be the k-subalgebra generated by the K±1i ’s (i ∈ I). We choose
χi(λ) = p
〈hi,λ〉
i to define Mod
P (U(g)). By Corollary 2.2 and Proposition 2.3, we have
U(g)[P,Q,R] ≃ Uθq (g)[P,Q,R].(4.8)
Hence the triangular decomposition of Uθq (g) and Theorem 4.2 imply the following
corollary.
Corollary 4.5.
(i) The algebra U(g) has a triangular decomposition
U(g) ≃ U−(g)⊗U0(g)⊗U+(g).
(ii) ch(U−(g)) =
∏
α∈∆+
(1− e−α)−mult(α).
(iii) We have {a ∈ U−(g) | eia ∈ U(g)ei for any i ∈ I} = k.
(iv) There is an equivalence of categories ModP(Uqθ(g)) ≃ ModP(U(g)).
Let B(g) be the algebra Bθ˜,p˜(g) given in Definition 3.7 with
θ˜ij = π
δi,j
i q
−(αi|αj), p˜ij = q
2aij
i , p˜i = q
2
i πi.(4.9)
The explicit description of B(g) is given as follows.
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Definition 4.6. The quantum boson algebra B(g) is the associative algebra over k
generated by e′i, fi (i ∈ I) satisfying the following defining relations:
(4.10)
e′ifj = π
δi,j
i q
−(αi|αj)fje′i + δi,j,
1−aij∑
k=0
(−θij)k
[
1− aij
k
]p
i
e
′1−aij−k
i e
′
je
′k
i = 0 (i 6= j),
1−aij∑
k=0
(−θij)k
[
1− aij
k
]p
i
f
1−aij−k
i fjf
k
i = 0 (i 6= j).
Note that B(g) has an anti-automorphism given by e′i 7→ fi, fi 7→ e′i (i ∈ I). By
Proposition 3.8, Proposition 3.10 and Corollary 4.5, we have the following proposition.
Proposition 4.7. Suppose N is a Q-weighted B(g)-submodule of U−(g) such that
N ∩ k = 0. Then N = 0.
Let E ′i := (pi − p−1i )−1e′i and E∗i := (pi − p−1i )−1e∗i (i ∈ I). Then we have
eiP − (T−1i PTi)ei =
(
T−1i E
∗
i (P )Ti
)
Ki −K−1i E ′i(P ).(4.11)
The same argument as in [Kash91, Lemma 3.4.3, Proposition 3.4.4] shows that there
exists a unique non-degenerate symmetric bilinear form on U−(g) satisfying
(1, 1) = 1, (E ′iP,Q) = (P, fiQ), (E
∗
i P,Q) = (P,Qfi) for i ∈ I, P,Q ∈ U−(g).(4.12)
4.3. Representation theory of U(g). In this subsection, we show that the category
OPint(U(g)) of integrable U(g)-modules is semisimple. We first construct the quantum
Casimir operator which is the key ingredient of our proof. The main argument follows
those of [Kac90, Chapter 9,10] and [Lus93, Chapter 1]. Note that, in the present case,
we take k = Q(q)
√
π. Moreover, we have θ2ij = θii = 1 and hence the automorphism ψ
of U(g) introduced in (2.15) is given by
ei 7→ fiK−1i , fi 7→ Kiei, Ki 7→ K−1i .(4.13)
Recall that the operators Ti introduced in (3.10) become
TiejT
−1
i = θjiej, TifjT
−1
i = θ
−1
ji fj , TiKjT
−1
i = Kj .
In this case, we have T 2i = 1.
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Lemma 4.8. Let ai : λ−Q+ → k× (i ∈ I) be a family of maps such that
(4.14)
ai(µ− αj)
ai(µ)
=
aj(µ− αi)
aj(µ)
for all µ ∈ λ−Q+ and i, j ∈ I. Then there exists a unique map Ψ: λ−Q+ → k× such
that
Ψ(λ) = 1, Ψ(µ− αi) = ai(µ)−1Ψ(µ).
Proof. We shall define Ψ(λ− β) for β ∈ Q+ by induction on |β| such that
Ψ(λ− β) = ai(λ− β + αi)−1Ψ(λ− β + αi) whenever β − αi ∈ Q+.
It is enough to show that the right hand does not depend on i. Assume that i 6= j and
β − αi, β − αj ∈ Q+. Then β − αi − αj ∈ Q+. By the induction hypothesis, we have
ai(λ− β + αi)−1Ψ(λ− β + αi)
= ai(λ− β + αi)−1aj(λ− β + αi + αj)−1Ψ(λ− β + αi + αj),
and
aj(λ− β + αj)−1Ψ(λ− β + αj)
= aj(λ− β + αj)−1ai(λ− β + αi + αj)−1Ψ(λ− β + αi + αj).
By our assumption (4.14), the above two quantities coincide. 
For i ∈ I, define ai : Q− → k as follows:
ai(β) :=
∏
θ
−mj
ji p
−〈hi,β〉
i for β =
∑
mjαj.
Then we have
aj(β − αi)
aj(β)
= θjip
aij
i = q
aij
i = q
aji
j = θijp
aji
j =
ai(β − αj)
ai(β)
.
By Lemma 4.8, we have a map Ψ: Q− → k satisfying
(4.15) Ψ(0) = 1 and Ψ(β − αi) = ai(β)−1Ψ(β).
We take a Q-homogeneous basis {Aν} of U−(g) and its dual basis {A′ν} with respect
to the non-degenerate pairing in (4.12). Then we have
(4.16)
(i)
∑
ν
A′ν ⊗ fiAν =
∑
ν
E ′iA
′
ν ⊗ Aν ,
∑
ν
A′ν ⊗ Aνfi=
∑
ν
E∗i A
′
ν ⊗ Aν ,
(ii)
∑
ν
A′νfi ⊗ Aν =
∑
ν
A′ν ⊗E∗i Aν ,
∑
ν
fiA
′
ν ⊗ Aν =
∑
ν
A′ν ⊗ E ′iAν .
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Proposition 4.9. Let M ∈ OP(U(g)) and set Φ =∑ν Ψ(wt(Aν))A′νψ(Aν) as a U(g)-
module endomorphism of M , where ψ is the automorphism in (2.15). Then we have
eiΦ = ΦK
2
i ei, Φfi = fiΦK
2
i for all i ∈ I.
Proof. From (4.11), (4.12) and (4.16) (i), we obtain∑
ν
(eiA
′
ν − (T−1i A′νTi)ei)⊗ Aν =
∑
ν
(E∗i (T
−1
i A
′
νTi)Ki −K−1i E ′i(Aν))⊗ Aν
=
∑
ν
(T−1i A
′
νTi)Ki ⊗Aνfi −K−1i Aν ⊗ fiAν .
Thus∑
ν
(
eiA
′
ν ⊗ Aν−(T−1i A′νTi)Ki ⊗ Aνfi
)
=
∑
ν
(
(T−1i A
′
νTi)ei ⊗ Aν−K−1i Aν ⊗ fiAν
)
.(4.17)
We define a map ̺1 : U
−(g)⊗U−(g) −→ U(g) given by
a⊗ b 7−→ Ψ(β)aψ(b), where b ∈ U−(g)β .
Applying ̺1, the right-hand-side of (4.17) vanishes by (4.15) as can be seen below:∑
ν
Ψ(wt(Aν))(T
−1
i A
′
νTi)eiψ(Aν)−
∑
ν
Ψ(wt(Aν)−αi)K−1i A′νKieiψ(Aν)
=
∑
ν
Ψ(wt(Aν))
∏
θ
−mνj
ji A
′
νeiψ(Aν)−
∑
ν
Ψ(wt(Aν)−αi)p〈hi,wt(Aν)〉i A′νeiψ(Aν)=0,
where wt(Aν) =
∑
mνjαj.
The first term of the left-hand-side of (4.17) is equal to eiΦ and the second term is
equal to ∑
ν Ψ(wt(Aν)− αi)(T−1i A′νTi)Kiψ(Aν)Kiei
=
∑
ν
(
Ψ(wt(Aν)− αi)
∏
θ
−mνj
ji p
〈hi,−wt(Aν)〉
i
)
A′νψ(Aν)K
2
i ei
= (
∑
ν Ψ(wt(Aν))A
′
νψ(Aν))K
2
i ei = ΦK
2
i ei.
(4.18)
Hence we obtain eiΦ = ΦK
2
i ei.
As in the case of ei’s with (4.16)(ii), we have
(4.19)
∑
ν
A′ν ⊗
(
eiAν − (T−1i AνTi)ei
)
=
∑
ν
A′ν ⊗
(
E∗i (T
−1
i AνTi)Ki −K−1i E ′i(Aν)
)
=
∑
ν
A′νfi ⊗ (T−1i AνTi)Ki − fiA′ν ⊗K−1i Aν .
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By applying x⊗ y 7→ x⊗T−1i ψ(y)TiKi, (4.19) becomes∑
ν
A′ν ⊗ T−1i fiK−1i ψ(Aν)TiKi −A′ν ⊗ ψ(Aν)fi
=
∑
ν
A′νfi ⊗ ψ(Aν)− fiA′ν ⊗ T−1i Kiψ(Aν)TiKi.
Thus we have
(4.20)
∑
ν
A′νfi ⊗ ψ(Aν)− A′ν ⊗ T−1i fiK−1i ψ(Aν)TiKi
=
∑
ν
fiA
′
ν ⊗ T−1i Kiψ(Aν)TiKi −A′ν ⊗ ψ(Aν)fi.
Define a map ̺2 : U
−(g)⊗U−(g) −→ U(g) by
a⊗ b 7−→ Ψ(β)ab, where a ∈ U(g)−β .
The left-hand-side of (4.20) vanishes after applying ̺2:∑
ν
Ψ(wt(Aν)− αi)A′νfiψ(Aν)−
∑
ν
Ψ(wt(Aν))
∏
j
θ
mνj
ji p
〈hi,wt(Aν)〉
i A
′
νfiψ(Aν) = 0,
and the right-hand-side of (4.20) becomes
fi
(∑
ν
Ψ(wt(Aν)− αi)
∏
j
θ
−mνj
ij p
〈hi,−wt(Aν)〉
i A
′
νψ(Aν)
)
K2i − Φfi = fiΦK2i − Φfi,
which completes the proof. 
Define an operator Ξ on M ∈ OP(U(g)) such that
Ξ|Mλ = t(λ)q(λ+ρ|λ+ρ)−(ρ|ρ)idMλ
where t : P→ {1, π} is a function satisfying
t(λ)
t(λ− αi) = π
〈hi,λ〉
i .
By Lemma 4.8, such a function t uniquely exists up to a constant multiple on a Q-orbit
in P. We define the quantum Casimir operator of U(g) by:
Ω := ΦΞ.
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Theorem 4.10. For any M ∈ OP(U(g)) and i ∈ I, we have
Ωei = eiΩ and Ωfi = fiΩ
as U(g)-module endomorphisms in M .
Proof. For u ∈Mλ,
K2i eiΞu = t(λ)q
(λ+ρ|λ+ρ)−(ρ|ρ)(q2i πi)
〈hi,λ+αi〉eiu.
On the other hand,
Ξeiu = t(λ+ αi)q
(λ+αi+ρ|λ+αi+ρ)−(ρ|ρ)eiu = t(λ)π
〈hi,λ+αi〉
i q
(λ+αi+ρ|λ+αi+ρ)−(ρ|ρ)eiu
= t(λ)π
〈hi,λ+αi〉
i q
(λ+αi+ρ|λ+αi+ρ)−(ρ|ρ)eiu.
Since
(λ+ αi + ρ|λ+ αi + ρ)− (ρ|ρ) = (λ+ ρ|λ+ ρ)− (ρ|ρ) + 2di〈hi, λ+ αi〉,
we have K2i eiΞ = Ξei, which implies ei(ΦΞ) = ΦK
2
i eiΞ = (ΦΞ)ei.
The assertion for fi can be obtained in a similar way. 
Definition 4.11. Let V be a U(g)-module in OP(U(g)). A vector v ∈ Vµ is called
primitive if there exists a U(g)-submodule U in V such that
v 6∈ U and U+(g)v ∈ U.
In this case, µ is called a primitive weight.
The following corollary immediately follows from Theorem 4.10.
Corollary 4.12.
(i) If V is a highest weight U(g)-module with highest weight Λ, then
Ω = t(Λ)q(Λ+ρ|Λ+ρ)−(ρ|ρ)idV .
(ii) If V is a U(g)-module in OP(U(g)) and v is a primitive vector with weight Λ,
then there exists a submodule U ⊂ V such that v 6∈ U and
Ω(v) ≡ t(Λ)q(Λ+ρ|Λ+ρ)−(ρ|ρ)v mod U.
Let us take a ring homomorphism Z
√
π → C and change the base ring from Q(q)√π to
C(q). We then consider U(g) as an algebra over the field C(q). For the choice of θ and
p given in (4.6), we denote byM(Λ) = Mθ,p(Λ) the Verma module and V(Λ) = Vθ,p(Λ)
the simple head of M(Λ) over U(g), respectively.
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Lemma 4.13 (cf. [Kac90, Lemma 9.5, Lemma 9.6]). Let V be a non-zero U(g)-module
in the category OP(U(g)).
(a) If µ ≥ η implies µ = η for any primitive weights µ and η of V , then V is completely
reducible.
(b) For any λ ∈ P, there exist a filtration V = Vt ⊃ Vt−1 ⊃ · · · ⊃ V1 ⊃ V0 = 0 and a
subset J ⊂ {1, . . . , t} such that
(i) if j ∈ J , then Vj/Vj−1 ≃ V(λj) for some λj ≥ λ,
(ii) if j 6∈ J , then (Vj/Vj−1)µ = 0 for every µ ≥ λ.
By Corollary 4.5(a), we have
(4.21) ch(M(Λ)) = eΛ
∏
α∈∆+
(1− e−α)−mult(α).
Proposition 4.14 (cf. [Kac90, Proposition 9.8]). Let V be a U(g)-module with highest
weight Λ. Then
(4.22) ch(V ) =
∑
λ≤Λ,
(λ+ρ|λ+ρ)=(Λ+ρ|Λ+ρ)
tλch(M(λ)), where tλ ∈ Z, tΛ = 1.
Proposition 4.15 (cf. [Kac90, Proposition 9.9 b)]). Let V be a U(g)-module in the
category OP(U(g)). Assume that for any two primitive weights λ and µ of V such that
λ− µ = β ∈ Q+ \ {0}, we have 2(λ+ ρ|β) 6= (β|β). Then V is completely reducible.
Proof. We may assume that the U(g)-module V is indecomposable. Since Ω is locally
finite on V , i.e., every v ∈ V is contained in a finite-dimensional Ω-invariant subspace,
there exist ε ∈ {0, 1} and a ∈ Z such that Ω − πεqaId is locally nilpotent on V . Thus
Corollary 4.12 (b) implies (λ + ρ|λ + ρ) = (µ + ρ|µ + ρ). Our assertion follows from
Lemma 4.13 (a). 
As in [Kac90, Chapter 3, 9], one can prove that ch(V(Λ)) is W -invariant. Thus we
have the following theorem.
Theorem 4.16. Let V(Λ) be an irreducible U(g)-module with highest weight Λ ∈ P+.
Then the following statements hold.
(a) ch(V(Λ)) =
∑
w∈W ǫ(w)e
w(Λ+ρ)−ρ∏
α∈∆+(1− e−α)mult(α)
.
(b) V(Λ) is generated by a vector vΛ with the defining relations:
KivΛ = p
〈hi,Λ〉
i vΛ, eivΛ = 0, f
〈hi,Λ〉+1
i vΛ = 0 for all i ∈ I.
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(c) The category OPint(U(g)) is semisimple and every simple object is isomorphic to
V(Λ) for some Λ ∈ P+.
Proof. The proofs are similar to those of [Kac90, Theorem 10.4, Corollary 10.4, Theo-
rem 9.9 b)]. 
As an immediate corollary, we obtain:
Theorem 4.17. Conjecture 2.8 is true if the following conditions are satisfied.
(a) (A,P,Π,Π∨) is a Cartan superdatum,
(b) the base field k is of characteristic 0,
(c) q is algebraically independent over Q,
(d) there exists ε = ±1 such that piiθ−1ii = q(αi|αi)εp(i) for any i ∈ I.
5. The algebra U(g)
In this section, we introduce an algebra U(g) corresponding to a Cartan superdatum,
which is directly to our supercategorification theorems via quiver Hecke superalgebras
and their cyclotomic quotients. Throughout this section, we take k = Q(q)π.
The algebra U(g) is the k-algebra Uθ˜,p˜(g), where θ˜ and p˜ are given by
(5.1) p˜i = q
2
i πi, θ˜ij = θ˜ji = π
p(i)p(j)q
−aij
i .
The explicit description of the algebra U(g) is given as follows.
Definition 5.1. The algebra U(g) associated with a Cartan superdatum (A,P,Π,Π∨)
is defined to be the algebra over k = Q(q)π generated by ei, fi and K˜
±1
i (i ∈ I) subject
to the following defining relations:
(5.2)
K˜iK˜j = K˜jK˜i, K˜iejK˜
−1
i = q
2aij
i ej, K˜ifjK˜
−1
i = q
−2aij
i fj,
eifj − πp(i)p(j)q−aiji fjei = δi,j
1− K˜i
1− q2i πi
(i, j ∈ I),
1−aij∑
k=0
(−πp(i)p(j))kπ
k(k−1)
2
i f
{1−aij−k}
i fjf
{k}
i = 0 (i 6= j),
1−aij∑
k=0
(−πp(i)p(j))kπ
k(k−1)
2
i e
{1−aij−k}
i eje
{k}
i = 0 (i 6= j),
where f
{n}
i = f
n
i /[n]
π
i ! and e
{n}
i = e
n
i /[n]
π
i !.
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Note that U(g) has an anti-automorphism given by
(5.3) ei 7→ fi, fi 7→ ei, K˜±1i 7→ K˜±1i .
For Λ ∈ P+, let V(Λ) be the P-weighted U(g)-module generated by vΛ of weight Λ with
the defining relations given by:
K˜ivΛ = (q
2
i πi)
〈hi,Λ〉vΛ, eivΛ = 0, f
〈hi,Λ〉+1
i vΛ = 0 for all i ∈ I.(5.4)
We define the subalgebras U−(g), U0(g) and U+(g) in the same way as we did for
Uθ,p(g) in Section 2.
Then, by Theorem 4.16, we obtain the following results.
Theorem 5.2.
(i) The Q(q)π-algebra U(g) has a triangular decomposition
U(g) ≃ U−(g)⊗ U0(g)⊗ U+(g).
(ii) ch(U−(g)) =
∏
α∈∆+
(1− e−α)−mult(α).
(iii) For Λ ∈ P+, if a U(g)-submodule N of V(Λ) satisfies N ∩ kvΛ = 0, then N = 0.
(iv) There exist equivalences of categories
ModP
(
Q(q)
√
π ⊗
Q(q)π
U(g)) ≃ ModP(U(g)), OPint(Q(q)√π ⊗
Q(q)π
U(g)) ≃ OPint(U(g)).
(v) The category OPint(U(g)) is semisimple and every simple object is isomorphic to
V(Λ)/(π − ε)V(Λ) for some Λ ∈ P+ and ε = ±1.
For i ∈ I, c ∈ Z and n ∈ Z≥1, we define
(5.5)
〈
x
n
〉π
i
:=
n∏
r=1
1− x(q2i πi)1−r
1− (q2i πi)r
.
In particular, when n = 1, we have〈
K˜i
1
〉π
i
=
1− K˜i
1− q2i πi
= eifi − q−2i πifiei.
Define the Aπ-form UAπ(g) of U(g) to be the Aπ-subalgebra of U(g) generated by the
elements e
{n}
i , f
{n}
i , K˜
±1
i for i ∈ I, n ∈ Z>0. We denote by U+Aπ(g) (resp. U−Aπ(g))
the Aπ-subalgebra of UAπ(g) with 1 generated by e{n}i (resp. f {n}i ) and by U0Aπ(g) the
Aπ-subalgebra of UAπ(g) with 1 generated by K˜i and
〈
K˜i
n
〉π
i
for i ∈ I, n ∈ Z>0.
By a direct computation, we have the following lemma:
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Lemma 5.3. For i ∈ I and n, m ∈ Z≥0, we have
e
{n}
i f
{m}
i =
∑
0≤k≤n,m
q
−k(k−n−m+1)
i (q
2
i πi)
k(k+1)/2−nmf {m−k}i e
{n−k}
i
〈
(q2i πi)
n−mK˜i
k
〉π
i
.
As an immediate consequence of Lemma 5.3, we have a triangular decomposition of
UAπ(g).
Lemma 5.4. The homomorphism
(5.6) U−Aπ(g)⊗Aπ U0Aπ(g)⊗Aπ U+Aπ(g)→ UAπ(g)
induced by the multiplication on U(g) is surjective. By tensoring with Q, we obtain an
isomorphism
Q⊗(U−Aπ(g)⊗Aπ U0Aπ(g)⊗Aπ U+Aπ(g)) ∼−−→Q⊗UAπ(g).
We will see that U−Aπ(g) is a free Aπ-module (Corollary 8.15) and that (5.6) is an
isomorphism.
The following proposition easily follows from Theorem 5.2.
Proposition 5.5. Let Λ ∈ P+. Then there exists a unique non-degenerate symmetric
bilinear form ( , ) on V(Λ) such that
(vΛ, vΛ) = 1, (eiu, v) = (u, fiv) for all u, v ∈ V(Λ), i ∈ I.
We introduce two Aπ-forms of V(Λ) by
VAπ(Λ) = UAπ(g)vΛ and VAπ(Λ)∨ = {u ∈ V(Λ) | (u,VAπ(Λ)) ⊂ Aπ} .(5.7)
Note that we have an isomorphism
ϕ|Uq
θ
(g)− : U
q
θ(g)
− → U−(g).
By Proposition 3.10 and Corollary 4.3, we have
Proposition 5.6. If P ∈ U−(g) satisfies e′iP = 0 for all i ∈ I, then P is a constant
multiple of 1.
Applying the arguments given in [Kash91, Lemma 3.4.3, Proposition 3.4.4], we obtain
the following proposition immediately.
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Proposition 5.7. There is a unique non-degenerate symmetric bilinear form ( , ) on
U−(g) such that
(5.8) (1, 1) = 1, (P, fiQ) = (e
′
iP,Q) for all i ∈ I, P,Q ∈ U−(g).
We define the dual Aπ-form of U−(g) to be
U−Aπ(g)∨ := {u ∈ U−(g) | (u, UAπ(g)) ⊂ Aπ}.
6. Perfect bases
In this section, using the notion of strong perfect bases, we prove a theorem that
characterizes VAπ(Λ)∨.
Let V =
⊕
λ∈P Vλ be a P-graded Q(q)
π-module. We assume that
(i) there are finitely many λ1, . . . , λs ∈ P such that
wt(V ) := {µ ∈ P | Vµ 6= 0} ⊂
s⋃
i=1
(λi −Q+),
(ii) for each i ∈ I, there is a linear operator ei : V → V such that eiVλ ⊂ Vλ+αi .
For any v ∈ V and i ∈ I, we define
(a) εi(v) :=
min{n ∈ Z≥0 | en+1i v = 0} if v 6= 0,−∞ if v = 0,
(b) V <ki := {v ∈ V | εi(v) < k} = Ker eki for k ≥ 0.
Definition 6.1 ([BeKa07, KOP11a]). (i) A Q(q)π-basis B of V is called a perfect
basis if
(a) B =
⊔
µ∈wt(V )Bµ, where Bµ :=B ∩ Vµ,
(b) for any b ∈ B and i ∈ I with ei(b) 6= 0, there exists a unique element in B,
denoted by e˜i(b), satisfying the following formula:
eib− ci(b) e˜i(b) ∈ V <εi(b)−1i for some ci(b) ∈ (Q(q)π)×,
(c) if b, b′ ∈ B and i ∈ I satisfy εi(b) = εi(b′) > 0 and e˜i(b) = e˜i(b′), then b = b′.
(ii) We say that a perfect basis is strong if, for any i ∈ I and b ∈ B such that ei(b) 6= 0,
there exist some m ∈ Z and ε = 0, 1 such that
ci(b) = π
εqm[εi(b)]
π
i .
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Note that [n]πi =
∑n−1
k=0 q
1−n+2k
i π
k
i for n ∈ Z>0.
For any sequence i = (i1, . . . , im) ∈ Im (m ≥ 1), we define a binary relation i on
V \ {0} inductively as follows:
if i = (i), v i v′ ⇔ εi(v) ≤ εi(v′),
if i = (i; i′), v i v′ ⇔
εi(v) < εi(v′) orεi(v) = εi(v′), eεi(v)i (v) i′ eεi(v′)i (v′).
We write: (i) v ≡i v′ if v i v′ and v′ i v, (ii) v′ ≺i v if v′ i v and v 6≡i v′.
One can easily verify the following lemma.
Lemma 6.2.
(a) If v 6≡i v′, then v + v′ ≡i
v if v′ ≺i v,v′ if v ≺i v′.
(b) For all v ∈ V \ {0}, the set V ≺iv := {0}⊔{v′ ∈ V \ {0} | v′ ≺i v} forms a
Qπ(q)-module of V.
For i = (i1, . . . , im) ∈ Im and v ∈ V \ {0}, we define etopi as follows:
etopi (v) :=
e
{εi(v)}
i (v) if i = (i),
etopi ◦ etopi′ if i = (i, i′).
One can see that if B is a strong perfect basis, then etop
i
B ⊂ (Aπ)× · B.
Let V H := {v ∈ V | eiv = 0 for all i ∈ I} be the space of highest weight vectors in V
and let BH = V H ∩ B be the set of highest weight vectors in B. Then we have
Lemma 6.3 ([BeKa07, Claim 5.32]). The subset BH is a Q(q)π-basis of V H .
Proof. Indeed, [BeKa07] treated the case when the base ring is a field. However, since
Q(q)π ≃ Q(q)⊕2, we can reduce this lemma to their case. 
In [BeKa07], Berenstein and Kazhdan proved a uniqueness theorem for perfect bases
in the following sense:
Theorem 6.4 ([BeKa07]). Let B and B′ be perfect bases of V such that BH = (B′)H .
Then there exist a bijection ψ : B ∼−−→B′ and a map ξ : B → Q(q)× such that
ψ(b)− ξ(b)b ∈ V ≺ib
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for any b ∈ B and any i = (i1, . . . , im) satisfying etopi (b) ∈ V H . Moreover, such ψ and
ξ are unique and ψ commutes with e˜i and εi (i ∈ I).
Lemma 6.5. Let B be a strong perfect basis of V .
(i) For any finite subset S of B, there exists a finite sequence i = (i1, . . . , im) of I
such that etop
i
(b) ∈ (Aπ)× · BH for any b ∈ S.
(ii) Let b0 ∈ BH and let i = (i1, . . . , im) be a finite sequence in I. Then the set
S :=
{
b ∈ B | etop
i
(b) ∈ (Aπ)× · b0
}
is linearly ordered by i.
Proof. The proof is similar to the one of [KKO12, Lemma 2.9]. 
Now we prove the main result of this section: a characterization theorem for VAπ(Λ)∨.
Theorem 6.6. Let M be a U(g)-module in OPint(U(g)) such that wt(M) ⊂ Λ − Q+.
Suppose MAπ is an A
π-submodule of M satisfying the following conditions:
(a) e
{n}
i MAπ ⊂MAπ for any i ∈ I,
(b) (MAπ)Λ = A
πvΛ for some vΛ ∈MΛ,
(c) M has a strong perfect basis B ⊂MAπ such that BH = {vΛ}.
Then we have
(i) MAπ ≃ VAπ(Λ)∨,
(ii) B is an Aπ-basis of MAπ ,
(iii) VAπ(Λ)λ ≃ HomAπ(VAπ(Λ)∨λ ,Aπ).
Proof. SinceM has a unique highest weight vector vΛ, the U(g)-moduleM is isomorphic
to V(Λ). Since (MAπ)Λ = AπvΛ and
VAπ(Λ)∨λ =
{
u ∈ V(Λ)λ
∣∣ e{a1}i1 · · · e{aℓ}iℓ u ∈ AπvΛ for all (i1, · · · , iℓ)
such that
∑ℓ
k=1 akαik + λ = Λ
}
,
it is clear thatMAπ is contained in VAπ(Λ)∨. Thus, in order to see (i) and (ii), it suffices
to show that VAπ(Λ)∨ ⊂
⊕
b∈B A
πb.
For any u ∈ VAπ(Λ)∨, we write u =
∑
b∈B cbb with cb ∈ Q(q)
√
π. Set B(u) := {b ∈
B | cb 6= 0}. By Lemma 6.5(i), there exists a sequence i = (i1, . . . , im) such that
etop
i
(b) ∈ (Aπ)×vΛ for every b ∈ B(u). Then Lemma 6.5(ii) tells that B(u) is linearly
ordered with respect to ≺i. Using the descending induction, we shall show that cb ∈ Aπ.
For the maximal element b, etop
i
(cbb) = e
top
i
(u) = abcbb for some ab ∈ (Aπ)×. Thus
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we can start an induction. Assume that cb′ ∈ Aπ for any b′ ∈ B such that b ≺i b′. By
setting v0 = b, ℓk = εik(vk−1) and vk = e
{ℓk}
ik
vk−1 (1 ≤ k ≤ m), we have
e
{ℓm}
im · · · e{ℓ1}i1 u=abcbvΛ+
∑
b≺ib′
ab′∈(Aπ)×
cb′e
{ℓm}
im · · · e{ℓ1}i1 b′ ∈ VAπ(Λ)∨ for some ab∈(Aπ)×,
which implies cb ∈ Aπ.
(iii) follows from (i), (ii) and the lemma below. 
Lemma 6.7. Assume that V(Λ)∨ has a strong perfect basis B such that vΛ ∈ B and
B ⊂ VAπ(Λ)∨. Then the dual basis of B is an Aπ-basis of VAπ(Λ).
Proof. Let {b∨}b∈B be the dual basis of B. By the definition of strong perfect bases,
for any ℓ ∈ Z>0 and b ∈ B, we can write
e
{ℓ}
i b = cb,ℓ
[
εi(b)
ℓ
]π
i
e˜
ℓ
i(b) +
∑
εi(b′)<εi(b)−ℓ
ab′b
′
for some ab′ ∈ Aπ and cb,ℓ ∈ (Aπ)×. Hence we have
f
{ℓ}
i
(
e˜
ℓ
i(b)
∨) = cb,ℓ[εi(b)
ℓ
]π
i
b∨ +
∑
εi(b′)>εi(b)
a′b′(b
′)∨(6.1)
for some a′b′ ∈ Aπ.
Since B is an Aπ-basis of VAπ(Λ)∨, we have
VAπ(Λ) ⊂
⊕
b∈B
Aπb∨.
Hence it is enough to show that
b∨ ∈ VAπ(Λ)(6.2)
for any β ∈ Q+ and b ∈ BΛ−β. We shall prove it by induction on the height |β|. If
β = 0, the assertion is trivial. Let us assume |β| > 0. Then we prove (6.2) for i ∈ I and
b ∈ BΛ−β such that εi(b) > 0 by the descending induction on εi(b). Taking ℓ = εi(b),
(6.1) implies
f
{ℓ}
i
(
etopi (b)
∨)− b∨ ∈ ⊕
εi(b′)>εi(b)
Aπ(b′)∨.
Since f
{ℓ}
i
(
etopi (b)
)∨
and (b′)∨ belong to VAπ(Λ) by the induction hypothesis, we obtain
b∨ ∈ VAπ(Λ). 
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In Theorem 8.9 and Theorem 8.14, we will show that VAπ(Λ)∨ has a strong perfect
basis.
7. Supercategories and 2-supercategories
In this section, we recall the notion of supercategories, superfunctors, superbimodules
and their basic properties (see [KKT11, Section 2]). We also introduce the notion of
2-supercategories.
7.1. Supercategories.
Definition 7.1.
(i) A supercategory is a category C equipped with an endofunctor ΠC of C and an
isomorphism ξC : Π
2
C
∼→ idC such that ξC ·ΠC = ΠC · ξC ∈ Hom(Π3C ,ΠC ).
(ii) For a pair of supercategories C and C ′, a superfunctor from C to C ′ is a functor
F : C → C ′ endowed with an isomorphism αF : F · ΠC ∼−−→ΠC ′ · F such that the
following diagram commutes:
F · (ΠC )2
α
F
·ΠC
//
F ·ξC

ΠC ′ · F · ΠC
Π
C ′ ·αF
// (ΠC ′)
2 · F
ξ
C ′ ·F

F
idF
// F
(7.1)
If F is an equivalence of categories, we say that (F, αF ) is an equivalence of
supercategories.
(iii) Let (F, αF ) and (F
′, αF ′) be superfunctors from a supercategory C to C
′. A
morphism from (F, αF ) to (F
′, αF ′) is a morphism of functors ϕ : F → F ′ such
that
F · ΠC
ϕ·ΠC
//
α
F

F ′ · ΠC
α
F ′

ΠC ′ · F
Π
C ′ ·ϕ
// ΠC ′ · F ′
commutes.
(iv) For a pair of superfunctors F : C → C ′ and F ′ : C ′ → C ′′, the composition
F ′ · F : C → C ′′ of superfunctors is defined by taking the composition
F ′ · F · ΠC
F ′·α
F
// F ′ · ΠC ′ · F
α
F ′ ·F
// ΠC ′′ · F ′ · F
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as αF ′·F .
In this paper, a supercategory is assumed to be a k-linear additive category, where k is
a commutative ring in which 2 is invertible.
The functors idC and Π are superfunctors by taking αidC = idΠ : idC · Π → Π · idC
and αΠ = −idΠ2 : Π · Π → Π · Π. Note the sign. This is one of the main reasons that
the sign is involved in calculation in supercategories. The morphism αF : F ·Π→ Π ·F
is a morphism of superfunctors. Note that we have
αΠ·F = −Π · αF ∈ Hom(Π · F · Π,Π2 · F ).(7.2)
For a supercategory (C ,Π, ξ), its sign-reversed supercategory C sr is the supercategory
(C ,Π,−ξ). If √−1 exists in k, then C sr is equivalent to C as a supercategory.
The Clifford twist of a supercategory (C ,Π, ξ) is the supercategory (C CT,ΠCT, ξCT),
where C CT is the category whose set of objects is the set of pairs (X,ϕ) of objects X
of C and isomorphisms ϕ : ΠX ∼−−→X such that
ΠX
ϕ
&&▼
▼▼
▼▼
▼▼
▼▼
Π2X
Πϕ 77♦♦♦♦♦♦♦♦♦ ξX
// X
commutes.
(7.3)
For objects (X,ϕ) and (X ′, ϕ′) of C CT, we define HomCCT
(
(X,ϕ), (X ′, ϕ′)
)
) as the
subset of HomC (X,X
′) consisting of morphisms f : X → X ′ such that the following
diagram commutes:
ΠX
Πf
//
ϕ

ΠX ′
ϕ′

X
f
// X ′.
We define ΠCCT : C
CT → C CT and ξCCT : (ΠCCT)2 ∼−−→ idCCT by
ΠCCT(X,ϕ) = (X,−ϕ),
ξCCT(X,ϕ) = id(X,ϕ) : (ΠCCT)
2(X,ϕ) = (X,ϕ)→ (X,ϕ).
We have morphisms of superfunctors
C
sr → C CT and C CT → C sr.
If C is idempotent complete (i.e., any endomorphism f of an object X ∈ C such that
f 2 = f has a kernel in C ), then we have an equivalence of supercategories
(C CT)CT ≃ C .(7.4)
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7.2. Superbifunctors.
Definition 7.2. Let C , C ′ and C ′′ be supercategories. A superbifunctor F : C ×C ′ →
C is a bifunctor endowed with isomorphisms
αF (X, Y ) : F (ΠX, Y )
∼−−→ΠF (X, Y ) and βF (X, Y ) : F (X,ΠY ) ∼−−→ΠF (X, Y )
which are functorial in X ∈ C and Y ∈ C ′ such that the two diagrams
F (Π2X, Y )
α
F
(ΠX,Y )
//
ξC ))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
ΠF (ΠX, Y )
Π·α
F
(X,Y )
// Π2F (X, Y )
ξ
C ′′uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
F (X, Y )
and
F (X,Π2Y )
βF (X,ΠY )
//
ξ
C ′ ))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
ΠF (X,ΠY )
Π·βF (X,Y )
// Π2F (X, Y )
ξ
C ′′uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
F (X, Y )
commute, and the diagram
F (ΠX,ΠY )
βF (ΠX,Y )
//
α
F
(X,ΠY )

−
ΠF (ΠX, Y )
Π·α
F
(X,Y )

ΠF (X,ΠY )
Π·βF (X,Y )
// Π2F (X, Y )
(7.5)
anti-commutes.
Let F : C × C ′ → C ′′ be a superbifunctor of supercategories. Then we can check
that F induces superbifunctors
C
sr × C ′ sr → C ′′ sr,
C
CT × C ′ sr → C ′′ CT.
Let C and C ′ be a pair of supercategories. We denote by Fctsuper(C ,C ′) the cat-
egory of superfunctors from C to C ′. This category is endowed with a structure of
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supercategory by:
Π(F, αF ) := (ΠC ′ , αΠ
C ′
) · (F, αF ) = (ΠC ′ · F,−ΠC ′ · αF ),
ξ(F, αF ) := ξC ′ · F : Π2(F, αF ) = ((ΠC ′)2 · F, (ΠC ′)2 · αF ) ∼−−→(F, αF ).
Note the sign in the definition of Π(F, αF ).
Let C ′′ be another supercategory. Then we have the following proposition. Since
the proof is routine, we just remark that the anti-commutativity of (7.5) follows from
αΠ·F = −Π · αF ∈ Hom(ΠFΠ,Π2F ), and we omit the details.
Proposition 7.3.
(i) The bifunctor Fctsuper(C ,C
′) × C → C ′, (F,X) 7→ F (X) is endowed with a
structure of superbifunctor by:
α(F,X) : (Π · F )(X) ∼−−→ΠC ′(F (X)) is the canonical isomorphism,
β(F,X) : F (ΠCX)→ ΠC ′(F (X)) is αF (X).
(ii) The bifunctor Fctsuper(C
′,C ′′) × Fctsuper(C .C ′) → Fctsuper(C ,C ′′) , (G,F ) 7→
G · F , is endowed with a structure of superbifunctor by:
α(G,F ) : (Π ·G) · F ∼−−→Π · (G · F ) is the canonical isomorphism,
β(G,F ) : G · (Π · F ) ∼−−→Π · (G · F ) is αG · F .
The following proposition is also obvious.
Proposition 7.4. Let C , C ′ and C ′′ be supercategories. A superbifunctor C×C ′ → C ′′
induces superfunctors
C → Fctsuper(C ′,C ′′) and C ′ → Fctsuper(C ,C ′′).
Conversely, a superfunctor C → Fctsuper(C ′,C ′′) induces a superbifunctor C × C ′ →
C ′′.
Note that we have equivalences of supercategories:
Fctsuper(C
CT,C ′CT) ≃ Fctsuper(C ,C ′)sr,
Fctsuper(C
sr,C ′ sr) ≃ Fctsuper(C ,C ′)sr.
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7.3. Even and odd morphisms. Let (C ,Π, ξ) be a supercategory. Let us denote by
C
D the category defined by Ob(C D) = Ob(C ) and HomCD(X, Y ) = HomC (X, Y ) ⊕
HomC (X,ΠY ). The composition of f ∈ HomC (Y,ΠεZ) ⊂ HomCD(Y, Z) and g ∈
HomC (X,Π
ε′Y ) ⊂ HomCD(X, Y ) (ε, ε′ = 0, 1) is defined by X g−→ Πε′Y Π
ε′f−−−→ Πε+ε′Z
(composed with Π2Z ∼−−→
ξ
Z when ε = ε′ = 1). Hence HomCD(X, Y ) has a structure of
superspace, where HomC (X, Y ) is the even part and HomC (X,ΠY ) is the odd part. A
morphism X → ΠY in C is sometimes called an odd morphism (in C D) from X to Y .
The category C D has a structure of supercategory. The functor ΠCD is defined as fol-
lows. For X ∈ C , define ΠCD(X) = X . For X, Y ∈ C , the map ΠCD : HomCD(X, Y )→
HomCD
(
ΠCD(X),ΠCD(Y )
)
= HomCD(X, Y ) is defined by
ΠCD |HomC (X,ΠεY ) = (−1)ε idHomC (X,ΠεY ) for ε = 0, 1.
The morphism ξX : (ΠCD)
2X → X is defined to be idX . Note that C D is not idempotent
complete in general eve if C is abelian.
There exists a canonical functor C → C D that we denote by X 7→ XD. It has
a structure of superfunctor by the isomorphism αD : D · ΠC ∼−−→ΠCD · D defined by
(αD)(X) = idΠX , where (αD)(X) : (ΠX)
D ∼−−→ΠCD(XD) = XD.
We can easily verify the following lemma.
Lemma 7.5. Let C and C ′ be supercategories.
(i) There exists a canonical equivalence of supercategories
Fctsuper(C ,C
′) ∼−−→Fctsuper(C D,C ′D).
(We denote it by F 7→ FD.)
(ii) We have (ΠC )
D ≃ ΠCD as a superfunctor from CD to CD.
Lemma 7.6. Let C and C ′ be supercategories, and let ϕ : FD → GD be a morphism in
Fctsuper(C ,C
′)Dε and f : X → Y be a morphism in HomCD(X, Y )ε′ (ε, ε′ = 0, 1). Then
the following diagram supercommutes:
FD(X)
FD(f)
//
ϕ(X)

(−1)εε′
FD(Y )
ϕ(Y )

GD(X)
GD(f)
// GD(Y ),
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i.e. ϕ(Y ) ◦ FD(f) = (−1)εε′GD(f) ◦ ϕ(X).
Proof. We denote by the same letters ϕ and f the morphisms ϕ : F → ΠεG and
f : X → Πε′Y corresponding to ϕ and f , respectively. Then the result follows from the
following commutative diagram in C ′
F (X)
F (f)
//
ϕ(X)

F (Πε
′
Y )
(α
F
)ε
′
//
ϕ(Πε
′
Y )

Πε
′
F (Y )
ϕ(Y )

ΠεG(X)
G(f)
// ΠεG(Πε
′
Y )
(α
G
)ε
′
// ΠεΠε
′
G(Y )
(α
Πε
)ε
′
// Πε
′
ΠεG(Y )
and (αΠε)
ε′ = (−1)εε′idΠε+ε′G(Y ). 
7.4. 2-supercategories. In this subsection, we give a definition of 2-supercategories.
We only consider additive 2-supercategories over a base ring k in which 2 is invertible.
Definition 7.7. A 1-supercategory is a k-linear category C such that HomC (X, Y ) is
endowed with a structure of k-supermodule for X, Y ∈ C and the composition map
HomC (Y, Z)× HomC (X, Y )→ HomC (X,Z) is k-superbilinear.
We say that a morphism f : X → Y is even or odd according as f belongs to the
even part or the odd part of Hom(X, Y ). For a supercategory C , the category C D is
a 1-supercategory.
For a diagram
X
f
//
ϕ

Y
ψ

X ′
f ′
// Y ′
(7.6)
with f ∈ HomC (X, Y )ε, f ′ ∈ HomC (X ′, Y ′)ε and ϕ ∈ HomC (X,X ′)ε′, ψ ∈ HomC (Y, Y ′)ε′
with ε, ε′ = 0, 1, we say that the diagram (7.6) supercommutes or sometimes (−1)εε′-
commutes if ψ ◦ f = (−1)εε′f ′ ◦ ϕ.
For a pair C , C ′ of super-1-categories, the notion of a superfunctor from C to C ′ is
naturally defined, and we do not write it. However, as for morphisms of functors and
bifunctors, we need a special care.
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Definition 7.8. Let C and C ′ be 1-supercategories and let F,G : C → C ′ be two
superfunctors. An even (resp. odd) morphism ϕ : F → G is the data associating an
even (resp. odd) morphism ϕ(X) : F (X)→ G(X) to any X ∈ C such that the diagram
F (X)
F (f)
//
ϕ(X)

F (Y )
ϕ(Y )

G(X)
G(f)
// G(Y )
supercommutes for any X, Y ∈ C and f ∈ HomC (X, Y )ε (ε = 0, 1).
Then the superfunctors from C to C ′ and the morphisms of superfunctors form a
1-supercategory, which we denote by Fctsuper(C ,C
′).
Definition 7.9. Let C , C ′, C ′′ be three 1-supercategories. A superbifunctor F : C ×
C
′ → C ′′ is the data
(i) a map Ob(C )×Ob(C ′)→ Ob(C ′′),
(ii) a k-linear even map F ( • , Y ) : HomC (X,X
′) → HomC ′′
(
F (X, Y ), F (X ′, Y )
)
for
X,X ′ ∈ C and Y ∈ C ′,
(iii) a k-linear even map F (X, • ) : HomC ′(Y, Y
′) → HomC ′′
(
F (X, Y ), F (X, Y ′)
)
for
X ∈ C and Y, Y ′ ∈ C ′,
such that
(a) F ( • , Y ) : C → C ′′ and F (X, • ) : C ′ → C ′′ are superfunctors,
(b) as elements of HomC ′′
(
F (X, Y ), F (X ′, Y ′)
)
, we have
F (f, Y ′) ◦ F (X, g) = (−1)εε′F (X ′, g) ◦ F (f, Y )
for X,X ′ ∈ C , f ∈ HomC (X,X ′)ε and Y, Y ′ ∈ C ′, g ∈ HomC ′(Y, Y ′)ε′.
The following propositions are easy to verify.
Proposition 7.10. For 1-supercategories C ,C ′ and C ′′, the composition (F,G) 7→
F · G gives a superbifunctor Fctsuper(C ′,C ′′) × Fctsuper(C ,C ′) −−→ Fctsuper(C ,C ′′) of
1-supercategories.
Proposition 7.11.
(i) Let F : C → C ′ be a superfunctor of supercategories. Then it induces a super-
functor FD : C D → C ′D of 1-supercategories.
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Moreover we have an equivalence of 1-supercategories
Fctsuper(C ,C
′)D ∼−−→Fctsuper(C D,C ′D).
(ii) Let F : C × C ′ → C ′′ be a superbifunctor of supercategories. Then it induces a
superbifunctor FD : C D × C ′D → C ′′D of 1-supercategories.
Definition 7.12. A 2-supercategory A is the data of
(i) a set A of objects,
(ii) a 1-supercategory HomA(a, a
′) for a, a′ ∈ A,
(iii) a superbifunctor HomA(a2, a3)×HomA(a1, a2)→ HomA(a1, a3), (b2, b1) 7→ b2b1
for a1, a2, a3 ∈ A,
(iv) an object 1a ∈ EndA(a) for a ∈ A,
(v) a natural even isomorphism
can(b3, b2, b1) : (b3b2)b1 ∼−−→ b3(b2b1)
for ak ∈ A and bi ∈ HomA(ai, ai+1) (k = 1, . . . , 4, i = 1, 2, 3),
(vi) natural even isomorphisms
b1a ∼−−→ b and 1a′b ∼−−→ b
for a, a′ ∈ A and b ∈ HomA(a, a′)
such that the following diagrams are commutative.(
(b4b3)b2
)
b1
can(b4,b3,b2)·b1
//
can(b4b3,b2,b1)uu❦❦
❦❦
❦❦
❦
(
b4(b3b2)
)
b1
can(b4,b3b2,b1) ))
❙❙
❙❙
❙❙
❙
(b4b3)(b2b1)
can(b4,b3,b2b1) ,,❨❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨❨
❨❨❨
❨
b4
(
(b3b2)b1
)
b4·can(b3,b2,b1)rr❡❡❡❡❡❡❡
❡❡❡
❡❡❡❡
❡❡❡
❡❡❡
❡❡❡
❡
b4
(
b3(b2b1)
)
(b21a)b1
can(b2,Ia,b1)
//
((◗◗
◗◗
◗◗
◗◗
◗◗
b2(1ab1)
vv♠♠♠
♠♠
♠♠
♠♠
♠
b2b1
Example 7.13.
(i) Let the set of objects of A be the set of supercategories. For supercategories C and
C ′, set HomA(C ,C
′) = Fctsuper(C ,C ′)D. Then A becomes a 2-supercategory.
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(ii) Let the set of objects of A be the set of k-superalgebras. Let A, B, C be k-
superalgebras. Set HomA(A,B) = Modsuper(B,A)
D and define the bifunctor
HomA(B,C)×HomA(A,B)→ HomA(A,C) by (K,L) 7→ K ⊗
B
L.
Then A is a 2-supercategory. (See § 7.5 below.)
Let A be a 2-supercategory. The objects (resp. morphisms) of HomA(a, a
′) are re-
ferred to as 1-arrows (resp. 2-arrows). Let b : a→ a′ be a 1-arrow. A right superadjoint
of b is a 1-arrow b∨ : a′ → a with even 2-arrows ε : bb∨ → 1a′ and η : 1a → b∨b such
that
b ∼−−→ b1a bη−−→ bb∨b ε b−−→ 1a′b ∼−−→ b
and
b∨ ∼−−→1ab∨ ηb
∨−−→ b∨bb∨ b∨ε−−→ b∨1a′ ∼−−→ b∨
are the identities. If a right superadjoint exists, then it is unique up to a unique even
isomorphism. We call (b, b∨) a superadjoint pair and (ε, η) the superadjunction.
Let b, b′ : a→ a′ be a pair of 1-arrows, and assume that they admit right superadjoints
with superadjunctions (ε, η) and (ε′, η′). Then we have an even isomorphism
HomHom(a,a′)(b, b
′) ∼−−→HomHom(a′,a)(b′ ∨, b∨) (f 7→ f∨).
Here, f∨ is given by the composition
b′∨ ∼−−→ 1ab′∨ ηb
′∨−−−→ b∨bb′∨ f−→ b∨b′b′∨ b∨ε′−−−→ b∨1a′ ∼−−→ b∨.
Proposition 7.14. Let b1, b2, b3 be 1-arrows from a to a
′. Assume that they admit
right superadjoints. For f ∈ Hom(b1, b2)ε and g ∈ Hom(b2, b3)ε′ with ε, ε′ = 0, 1, we
have
(g ◦ f)∨ = (−1)εε′f∨ ◦ g∨.
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Proof. Let (εk, ηk) be the superadjunction for bk (k = 1, 2, 3). Then we have a diagram
in Hom(a′, a)
b∨3
η1
uu❦❦❦
❦❦
❦❦
❦❦
❦❦
❦
η2
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
b∨1 b1b
∨
3
f
vv♠♠♠
♠♠
♠♠
η2
))❙❙
❙❙
❙❙
❙❙
b∨2 b2b
∨
3
η1
uu❦❦❦
❦❦
❦❦
❦ g
((◗◗
◗◗
◗◗
◗
b∨1 b2b
∨
3
id

η2
((◗◗
◗◗
◗◗
◗
b∨1 b1b
∨
2 b2b
∨
3f
uu❦❦❦
❦❦
❦❦
g
))❙❙
❙❙
❙❙
❙
A
b∨2 b3b
∨
3η1
vv♠♠♠
♠♠
♠♠ ε3
''PP
PP
PP
b∨1 b2b
∨
2 b2b
∨
3
ε2
vv♠♠♠
♠♠
♠♠
g
))❙❙
❙❙
❙❙
❙
b∨1 b1b
∨
2 b3b
∨
3f
uu❦❦❦
❦❦
❦❦
ε3
((◗◗
◗◗
◗◗
◗
b∨2η1
ww♥♥♥
♥♥
♥
b∨1 b2b
∨
3
g
((◗◗
◗◗
◗◗
◗
b∨1 b2b
∨
2 b3b
∨
3
ε2
uu❦❦❦
❦❦
❦❦
❦ ε3
))❙❙
❙❙
❙❙
❙❙
b∨1 b1b
∨
2
f
vv♠♠♠
♠♠
♠♠
b∨1 b3b
∨
3
ε3
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
b∨1 b2b
∨
2
ε2
uu❦❦❦
❦❦
❦❦
❦❦
❦❦
❦
b∨1
Here, εk and ηk are even morphisms. Hence all the squares are commutative except
that the central square A is (−1)εε′-commutative.
By the definition, (g ◦ f)∨ is the composition of the left most arrows, and f∨ ◦ g∨ is
the composition of the rightmost arrows. Hence we obtain the desired result. 
Remark 7.15. As seen in Lemma 7.5 (i) and Proposition 7.11, the notion of super-
categories and that of super-1-categories are almost equivalent. Hence, although we
can define the notion of a 2-category using the condition that HomA(a, a
′) are super-
categories, those two definitions are almost equivalent.
7.5. Superalgebras and superbimodules. Recall that a k-superalgebra is a Z2-
graded k-algebra. Let A = A0⊕A1 be a superalgebra. We denote by φA the involution
of A given by
φA(a) = (−1)ǫa for a ∈ Aǫ, ǫ = 0, 1.
We call φA the parity involution of the superalgebra A. An A-supermodule is an A-
module with a decomposition M = M0 ⊕M1 such that AǫMǫ′ ⊂ Mǫ+ǫ′ (ǫ, ǫ′ ∈ Z2).
For an A-supermodule M , we denote by φM : M → M the involution of M given by
φM |Mǫ = (−1)ǫ idMǫ . We call φM the parity involution of the A-supermodule M . Then
we have φM(ax) = φA(a)φM(x) for any a ∈ A and x ∈M .
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Let A and B be k-superalgebras. We define the multiplication on the tensor product
A⊗k B by
(a1 ⊗ b1)(a2 ⊗ b2) = (−1)ε′1ε2(a1a2)⊗ (b1b2)(7.7)
for ai ∈ Aεi, bi ∈ Bε′i (εi, ε′i = 0, 1). If M is an A-supermodule and N is a B-
supermodule, then M ⊗k N has a structure of A⊗k B-supermodule by
(a⊗ b)(u⊗ v) = (−1)εε′(au)⊗ (bv)
for a ∈ A, b ∈ Bε, u ∈Mε′, v ∈ N (ε, ε′ = 0, 1).
Example 7.16. Let A be a k-superalgebra.
(a) Let Mod(A) be the category of A-modules. Then Mod(A) is endowed with a
supercategory structure induced by the parity involution φA; i.e., forM ∈ Mod(A),
we have
ΠM := {π(x) | x ∈M} , π(x) + π(x′) = π(x+ x′),
a · π(x) := π(φA(a) · x) (a ∈ A, x, x′ ∈M).
The isomorphism ξM : Π
2M →M is given by π (π(x)) 7→ x (x ∈M).
(b) Let Modsuper(A) be the category of A-supermodules. The morphisms in this
category are A-module homomorphisms which preserve the Z2-grading. Then
Modsuper(A) has a supercategory structure induced by the parity shift; i.e.,
(ΠM)ǫ := {π(x) | x ∈M1−ǫ} (ǫ = 0, 1),
a · π(x) := π(φA(a) · x) (a ∈ A, x ∈M).
The isomorphism ξM : Π
2M →M is also given by π (π(x)) 7→ x.
Let A be a k-superalgebra. The sign-reversed k-superalgebra of A is defined to be
the k-superalgebra Asr := {asr | a ∈ A} which is isomorphic to A as a k-supermodule
with the multiplication given by
asr bsr = (−1)εε′(ab)sr for a ∈ Aε, b ∈ Aε′ , ε, ε′ = 0, 1.
For an A-supermodule M , let M sr := {usr | u ∈M} be the Asr-module with the action
given by
asr usr = (−1)εε′(au)sr for a ∈ Aε, u ∈Mε′, ε, ε′ = 0, 1.
We remark that if k contains
√−1, then Asr is (non canonically) isomorphic to A by
asr 7→ (√−1)εa for ε = 0, 1 and a ∈ Aε.
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Lemma 7.17. We have equivalences of supercategories:
Modsuper(A
sr) ≃ Modsuper(A)sr ≃ Mod(A)CT.
Proof. The right equivalence is proved in [KKT11, Section 2]. Let M 7→ M sr be an
equivalence of categories from Modsuper(A) to Modsuper(A
sr). We give an isomorphism
(ΠM)sr ≃ Π(M sr)
by
(
π(x)
)sr 7→ π(φM(x)sr). We can check easily that it gives an equivalence of super-
categories from Modsuper(A)
sr to Modsuper(A
sr). 
Let A be a k-superalgebra. Let us denote by Asuperop the opposite superalgebra of
A. By definition, it is the superalgebra (Asuperop)ε := {asuperop | a ∈ Aε} (ε = 0, 1) with
asuperop bsuperop = (−1)εε′(ba)superop for a ∈ Aε and b ∈ Aε′. Then a right A-supermodule
M may be regarded as a left Asuperop-supermodule by asuperop x = (−1)εε′xa for a ∈
Aε and x ∈ Mε′. We should not confuse Asuperop with the opposite algebra Aopp :=
{aopp | a ∈ A} with the multiplication aopp bopp = (ba)opp. We have Asuperop ≃ (Aopp)sr.
Let A and B be k-superalgebras. An (A,B)-superbimodule is an (A,B)-bimodule
with a Z2-grading compatible with the left action of A and the right action of B.
Furthermore, we assume that ax = xa for a ∈ k and x ∈ M . We denote by
Modsuper(A,B) the category of (A,B)-superbimodules. We have Modsuper(A,B) ≃
Modsuper(A⊗Bsuperop).
For an (A,B)-superbimodule L, we have a functor FL : Modsuper(B)→ Modsuper(A)
given by N 7→ L ⊗B N for N ∈ Modsuper(B). Then FL becomes a superfunctor with
an isomorphism
αFL : FLΠN = L⊗B ΠN → ΠFLN = Π(L⊗B N)
given by
s⊗ π(x) 7→ π(φL(s)⊗ x) (s ∈ L, x ∈ N).
For an (A,B)-superbimodule L, the superbimodule structure on ΠL is given as
follows:
a · π(s) · b = π(φA(a) · s · b) for all s ∈ L, a ∈ A and b ∈ B.
Then there exists a natural isomorphism between superfunctors η : FΠL
∼→ Π ·FL. The
isomorphism ηN : (ΠL) ⊗B N ∼→ Π(L ⊗B N) is given by π(s) ⊗ x 7→ π(s ⊗ x). It is
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an isomorphism of superfunctors since one can easily check the commutativity of the
following diagram:
FΠL · Π
η·Π
//
α
FΠL

Π · FL · Π Π·αFL
++❲❲❲
❲❲❲
❲❲❲
❲❲
α
(Π·FL)

Π · Π · FL
α
Π
·FL=−idΠ·Π·FLss❣❣❣❣❣
❣❣❣
❣❣❣
Π · FΠL
Π·η
// Π · Π · FL.
by using the fact φΠL(π(s)) = −π(φL(s)). Summing up, we obtain
Proposition 7.18. L 7→ FL gives a superfunctor
Modsuper(A,B)→ Fctsuper(Modsuper(B),Modsuper(A)) ≃ Fctsuper(Mod(B),Mod(A))
and superbifunctors
Modsuper(A,B)×Modsuper(B)→ Modsuper(A),
Modsuper(A,B)×Mod(B)→ Mod(A).
Let A,B,C be k-superalgebras. For K ∈ Modsuper(A,B) and L ∈ Modsuper(B,C),
the tensor product K ⊗B L has a structure of (A,C)-superbimodule. We define the
homomorphisms
α(K,L) : (ΠK)⊗B L ∼−−→Π(K ⊗B L) by π(x)⊗ y 7→ π(x⊗ y)
and
β(K,L) : K ⊗B (ΠL) ∼−−→Π(K ⊗B L) by x⊗ π(y) 7→ π
(
φK(x)⊗ y
)
.
These homomorphisms are well-defined and we can easily check the following lemma.
Lemma 7.19. • ⊗B • : Modsuper(A,B) ×Modsuper(B,C) → Modsuper(A,C) is a su-
perbifunctor of supercategories.
We now discuss the endomorphisms of bimodules. Let A, B, C be k-superalgebras
and let L be an (A⊗C,B)-superbimodule. Regarding L as an (A,B)-bimodule, we
obtain a superfunctor FL : Mod(B)→ Mod(A). Thus we get a superalgebra homomor-
phism
C → EndFctsuper(Mod(B),Mod(A))D(FL) ≃ EndMod(A,B)D(L),
which is given by assigning to c ∈ Cε (ε = 0, 1) the morphism in Modsuper(A,B)
L ∋ x 7−→ πε(cx) ∈ ΠεL.
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Similarly, let K be an (A,B⊗C)-superbimodule and consider K as an (A,B)-
bimodule to obtain a superfunctor FK : Mod(B) → Mod(A). Then we get a super-
algebra homomorphism
C → EndFctsuper(Mod(B),Mod(A))D(FK)superop ≃ EndMod(A,B)D(K)superop
by assigning ψsuperop to c ∈ Cε (ε = 0, 1), where ψ ∈ HomMod(A,B)(K,ΠεK) is the
morphism
K ∋ x 7−→ πε(φKε(x)c) ∈ ΠεK.
7.6. Grothendieck group. Assume that the supercategory (C ,Π, ξ) is an exact cat-
egory such that Π sends the exact sequences to exact sequences. Recall that the
Grothendieck group [C ] of C is the abelian group generated by [X ] (X is an object of
C ) with the defining relations:
if 0→ X ′ → X → X ′′ → 0 is an exact sequence, then [X ] = [X ′] + [X ′′].
We denote by π the involution of [C ] given by [X ] 7→ [ΠX ]. Then [C ] is a module over
Zπ = Z⊕ Zπ.
8. Supercategorification via quiver Hecke superalgebras
8.1. Quiver Hecke superalgebras. In this subsection, we recall the definition of
quiver Hecke superalgebras and their basic properties ([KKT11]). We take a graded
commutative ring k =
⊕
n∈Z≥0 kn as a base ring. For the sake of simplicity, we assume
that k0 is a field of characteristic different from 2.
Let (A,P,Π,Π∨) be a Cartan superdatum. For i 6= j ∈ I and r, s ∈ Z≥0, let ti,j;(r,s)
be an element of k satisfying the following conditions:
ti,j;(r,s) ∈ k−2(αi|αj)−r(αi|αi)−s(αj |αj), ti,j;(r,s) = tj,i;(s,r),
ti,j;(−aij ,0) ∈ k×0 , ti,j;(r,s) = 0 if i ∈ Iodd and r is odd.
We take ti,j;(r,s) = 0 for i = j.
For any ν ∈ In (n ≥ 2), let
Pν := k〈x1, . . . , xn〉/〈xaxb − (−1)p(νa)p(νb)xbxa〉1≤a<b≤n
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be the superalgebra generated by xk (1 ≤ k ≤ n) where the parity of the indeterminate
xk is p(νk). For i, j ∈ I, we choose an element Qi,j in P(ij) of the form
Qi,j(x1, x2) =
∑
r,s∈Z≥0
ti,j;(r,s)x
r
1x
s
2.
Definition 8.1 ([KKT11]). The quiver Hecke superalgebra R(n) of degree n associ-
ated with a Cartan superdatum (A,P,Π,Π∨) and (Qi,j)i,j∈I is the superalgebra over k
generated by e(ν) (ν ∈ In), xk (1 ≤ k ≤ n), τa (1 ≤ a ≤ n− 1) with the parity
p(e(ν)) = 0, p(xke(ν)) = p(νk), p(τae(ν)) = p(νa)p(νa+1)
subject to the following defining relations:
(8.1)
e(µ)e(ν) = δµ,νe(ν) for µ, ν ∈ In, 1 =
∑
ν∈In
e(ν),
xpxqe(ν) = (−1)p(νp)p(νq)xqxpe(ν) if p 6= q,
xpe(ν) = e(ν)xp, τae(ν) = e(sa ν)τa, where sa = (a, a+ 1),
τaxpe(ν) = (−1)p(νp)p(νa)p(νa+1)xpτae(ν) if p 6= a, a+ 1,
(τaxa+1− (−1)p(νa)p(νa+1)xaτa)e(ν)
= (xa+1τa − (−1)p(νa)p(νa+1)τaxa)e(ν) = δνa,νa+1e(ν),
τ 2a e(ν) = Qνa,νa+1(xa, xa+1)e(ν),
τaτbe(ν) = (−1)p(νa)p(νa+1)p(νb)p(νb+1)τbτae(ν) if |a− b| > 1,
(τa+1τaτa+1 − τaτa+1τa)e(ν)
=

Qνa,νa+1(xa+2, xa+1)−Qνa,νa+1(xa, xa+1)
xa+2 − xa e(ν) if νa = νa+2 ∈ Ieven,
(−1)p(νa+1)(xa+2 − xa)Qνa,νa+1(xa+2, xa+1)−Qνa,νa+1(xa, xa+1)
x2a+2 − x2a
e(ν)
if νa = νa+2 ∈ Iodd,
0 otherwise .
The algebra R(n) is also Z-graded by setting
degZ(e(ν)) = 0, degZ(xke(ν)) = (ανk|ανk), degZ(τae(ν)) = −(ανa |ανa+1).
For β ∈ Q+ with |β| = n, set
Iβ = {ν = (ν1, . . . , νn) ∈ In | αν1 + · · ·+ ανn = β} .
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For α, β ∈ Q+ and m,n ∈ Z≥0, we define
R(m,n) = R(m)⊗k R(n) ⊂ R(m+ n),
e(n) =
∑
ν∈In
e(ν), e(β) =
∑
ν∈Iβ
e(ν), e(α, β) =
∑
µ∈Iα, ν∈Iβ
e(µ, ν),
R(β) = e(β)R(n), R(α, β) = R(α)⊗k R(β) ⊂ R(α+ β),
e(n, ik) =
∑
ν∈In+k,
νn+1=···=νn+k=i
e(ν), e(β, ik) = e(β, kαi).
Here, R(m) ⊗k R(n) is endowed with a superalgebra structure by (7.7) and the map
R(m)⊗k R(n)→ R(m+ n) is a superalgebra homomorphism.
For an R(m)-supermodule M and an R(n)-supermodule N , we define their convolu-
tion product M ◦N by
M ◦N :=R(m+ n)⊗R(m,n) (M ⊗N).
Proposition 8.2 ([KKT11, Corollary 3.15]). For each w ∈ Sn, choose a reduced ex-
pression si1 · · · siℓ of w and write τw = τi1 · · · τiℓ. Then
{xa11 · · ·xann τwe(ν) | a = (a1, . . . , an) ∈ Zn≥0, w ∈ Sn, ν ∈ In}
forms a basis of the free k-module R(n).
Let Modsuper(R(β)) be the category of arbitrary Z-graded R(β)-supermodules. Let
Projsuper(R(β)) and Repsuper(R(β)) be the full subcategories of Modsuper(R(β)) consist-
ing of finitely generated projective R(β)-supermodules and R(β)-supermodules finite-
dimensional over k0, respectively. The morphisms in these categories are R(β)-linear
homomorphisms preserving the Z×Z2-grading. As we have seen in Example 7.16 (b),
these categories have a supercategory structure induced by the parity shift.
In the sequel, by an R(n)-module or R(β)-module, we mean a Z-graded R(n)-supermodule
or R(β)-supermodule.
For an R(β)-module M =
⊕
t∈ZMt, let M〈k〉 denote the Z-graded R(β)-module
such that M〈k〉t :=Mk+t; i.e., M〈k〉 =
⊕
t∈ZMk+t. We also denote by q the grading
shift functor
(qM)i =Mi−1.
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The Grothendieck groups [Projsuper(R(β))] and [Repsuper(R(β))] have the A
π-module
structure given by q[M ] = [qM ] and π[M ] = [ΠM ], where [M ] denotes the isomorphism
class of an R(β)-module M .
Let a =
∑
k∈Z, ε=0.1
mk,εq
kπε ∈ Aπ with mk,ε ∈ Z≥0. For an R(β)-module M , we define
aM =
⊕
k∈Z, ε=0.1
(
qkΠεM
)⊕mk,ε ,(8.2)
so that we have [aM ] = a[M ].
8.2. Strong perfect basis of Repsuper(R). In this subsection, we study the struc-
ture of the supercategory Repsuper(R(β)) based on the results of [EKL11] and [KKO12,
Section 6]. In those papers, the authors studied the supercategory Rep(R(β)), not
Repsuper(R(β)), but their results provide us with a good foundation. In [HW12], Hill
and Wang dealt with the supercategory Repsuper(R(β)) under a certain restriction,
called the (C6) condition (see § sec:QKM). Although [Rep(R(β))] ≃ [Repsuper(R(β))]/(π−
1) as we saw in [KKO12], the action of π on Repsuper(R(β)) is non-trivial and will be
investigated here.
Throughout this subsection, we assume that
the ring k0 is a field of characteristic different from 2 and the ki’s are
finite-dimensional over k0
(8.3)
Under the assumption (8.3), the superalgebra R(β) has the following properties:
(i) Any simple object in Modsuper(R(β)) is finite-dimensional over k0 and
has an indecomposable finitely generated projective cover (unique up
to isomorphism),
(ii) there are finitely many simple objects in Repsuper(R(β)) up to Z-grading
shifts and isomorphisms.
(8.4)
Thus Repsuper(R(β)) contains all simple R(β)-supermodules and the set of isomor-
phism classes of simple R(β)-supermodules, denoted by Irr(R(β)), forms a Z-basis of
[Repsuper(R(β))].
For 1 ≤ k < n, let bk := τkxk+1 ∈ R(nαi). It is known ([EKL11, HW12, KL09]) that
(a) The bk’s are idempotents and they satisfy the braid relations,
(b) bw is well-defined for any w ∈ Sn by (a),
(c) b(in) := bw0 is a primitive idempotent of R(nαi), where w0 is the
longest element of Sn.
64 SEOK-JIN KANG, MASAKI KASHIWARA, AND SE-JIN OH
Proposition 8.3 ([EKL11]). The superalgebra R(nαi) is decomposed into a direct sum
of projective indecomposable Z× Z2-modules :
R(nαi) ≃ [n]πi !P (in),(8.5)
where
P (in) := (πiqi)
−n(n−1)/2R(nαi)b(in).
The factorial [n]πi ! is defined in (4.3).
Note that P (in) is a unique indecomposable projective R(nαi)-supermodule up to
isomorphism and (Z× Z2)-grading shift. By (8.4), there exists an irreducible R(nαi)-
supermodule, denoted by L(in), which is unique up to isomorphism and (Z × Z2)-
grading shift:
(8.6) L(in) := Ind
R(nαi)
k[x1]⊗···⊗k[xn]1,
where 1 is the simple k[x1]⊗ · · · ⊗ k[xn]-supermodule which is isomorphic to k0.
For M ∈ Repsuper(R(β)) and i ∈ I, define
(8.7)
∆ikM = e(β − kαi, ik)M ∈ Repsuper(R(β − kαi, kαi)),
εi(M) = max{k ≥ 0 | ∆ikM 6= 0},
Ei(M) = e(β − αi, i)M ∈ Repsuper(R(β − αi)),
e˜i(M) = soc(Ei(M)) ∈ Repsuper(R(β − αi)),
F ′i (M) = Indβ,αi(M ⊠ L(i)) ∈ Repsuper(R(β + αi)),
f˜i(M) = hd(F
′
iM) ∈ Repsuper(R(β + αi)).
Here, soc(M) means the socle of M and hd(M) means the head of M . We set εi(M) =
−∞ for M = 0. Then Ei and F ′i are superfunctors.
For M =
⊕
a∈Z(Ma,0¯ ⊕Ma,1¯) ∈ Repsuper(R(β)), we define its (q, π)-dimension and
(q, π)-character as follows:
dimπq (M) :=
∑
a∈Z(dimk0 Ma,0¯ + π dimk0 Ma,1¯)q
a ∈ Z[q±1]π,
chπq (M) :=
∑
ν∈Iβ dim
π
q (e(ν)M) · e(ν).
(8.8)
Lemma 8.4 ([Kle05, KL09, LV09]). For any [M ] ∈ Irr (R(β)) and i ∈ I, we have
(a) [e˜iM ] ∈ Irr (R(β − αi)) if εi(M) > 0, and [f˜iM ] ∈ Irr (R(β + αi)).
(b) f˜ie˜iM ≃M if εi(M) > 0, and e˜if˜iM ≃ M .
(c) knM = 0 for n > 0 and k0 ≃ EndR(β)(M).
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Proposition 8.5 ([KKO12, Proposition 6.2]). For any [M ] ∈ Irr (R(β)) with ε :=
εi(M) > 0, we have
(8.9) [EiM ] = π
1−ε
i q
1−ε
i [ε]
π
i [e˜iM ] +
∑
k
[Nk],
where [Nk] ∈ Irr(R(β − αi)) with εi(Nk) < ε− 1.
As can be seen in the following theorem, the endofunctor Π on Repsuper(R(β)) treated
in this paper is substantially different from the one in [KKO12] (cf. [KKO12, Theorem
6.4]).
Theorem 8.6. For any [M ] ∈ Irr (R(β)), we have
M 6≃ ΠM.
Proof. It was shown in [KKO12, Theorem 6.4] that
S ≃ ΠS for any simple S ∈ Mod(R(β)).
Since Repsuper(R(β))
sr is equivalent to the Clifford twist of Rep(R(β)), the assertion
follows from [KKT11, Lemma 2.11]. 
Let ψ : R(β)→ R(β) be the anti-involution given by
ψ(ab) = ψ(b)ψ(a), ψ(e(ν)) = e(ν), ψ(xk) = xk, ψ(τl) = τl(8.10)
for all a, b ∈ R(β). For anyM ∈ Modsuper(R(β)), we denote byM∗ :=Homk0(M,k0) the
k0-dual ofM whose left R(β)-module structure is given by ψ. By a direct computation,
we have
(qM)∗ = Homk0(qM,k0) ≃ q−1Homk0(M,k0) = q−1(M∗).
Similarly, we have (ΠM)∗ ≃ Π(M∗), which implies
([k]πiM)
∗ ≃ Π1−ki [k]πi (M∗) for k ∈ Z≥0.
Here we set Πi := Π
p(i).
Proposition 8.7.
(a) For any [M ] ∈ Irr(R(β)) such that ε := εi(M) > 0, we have
(q1−εi e˜iM)
∗ ≃ Π1−εi q1−εi e˜i(M∗).
(b) For any [M ] ∈ Irr(R(β)), there exists a pair of integer (r1, r2) such that
(qr2M)∗ ≃ Πr1qr2M.
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Proof. Note that the duality functor ∗ commutes with the functor Ei. Applying the
functor ∗ to (8.9), we have
[Ei(M
∗)] = [ε]πi [(q
1−ε
i e˜iM)
∗] +
∑
k, εi(N∗k )<ε−1
[N∗k ].
On the other hand,
[Ei(M
∗)] = π1−εi [ε]
π
i [q
1−ε
i e˜i(M
∗)] +
∑
k, εi(N ′k)<ε−1
[N ′k].
Therefore the assertion (a) holds.
We will prove (b) by induction on |β|. If |β| = 0, our assertion is trivial. If |β| > 0,
take i ∈ I such that ε = εi(M) > 0. By induction hypothesis, there exists (r′1, r′2) such
that
Πr
′
1qr
′
2q1−εi e˜iM ≃ (qr
′
2q1−εi e˜iM)
∗.
The assertion (a) implies
Πr
′
1q1−εi e˜i(q
r′2M) ≃ (q1−εi e˜i(qr
′
2M))∗ ≃ Π1−εi q1−εi e˜i(qr
′
2M)∗,
which yields
q1−εi e˜i(q
r′2M) ≃ Πp(i)(1−ε)−r′1q1−εi e˜i(qr2M)∗.
Therefore, by Lemma 8.4 (b), we conclude
Πp(i)(1−ε)−r
′
1qr
′
2M ≃ (qr′2M)∗.
Thus the pair (p(i)(1− ε)− r′1, r′2) is the desired one. 
For [M ] ∈ Irr (R(β)), we say that M is quasi-self-dual if
M∗ ≃ ΠǫM for ǫ = 0 or 1.
Note that, by Theorem 8.6, ε is uniquely determined by M .
Example 8.8. For i ∈ I, we can easily check that
(q
n(n−1)
2
i L(i
n))∗ ≃ Πn(n−1)2 q
n(n−1)
2
i L(i
n).
Hence, for n = 2 and i ∈ Iodd, we have (qiL(i2))∗ ≃ Πi(qiL(i2)). However, (ΠεqrL(i2))∗
is never isomorphic to ΠεqrL(i2) for any r ∈ Z and any ε = 0, 1.
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Let Irr qsd(R(β)) be the subset of Irr (R(β)) consisting of the isomorphism classes
of quasi-self-dual modules in Irr (R(β)). Then Irr qsd(R(β)) forms an A-basis of the
Grothendieck group [Repsuper(R(β))]. Choose a subset Irr 0(R(β)) ⊂ Irr qsd(R(β))
satisfying the conditions:
Irr 0(R(β)) ∩ πIrr 0(R(β)) = ∅,
Irr qsd(R(β)) = Irr 0(R(β)) ⊔ πIrr 0(R(β)).
(8.11)
Such a subset Irr 0(R(β)) exists by Theorem 8.6.
Theorem 8.9. For β ∈ Q+, Irr 0(R(β)) is a strong perfect basis of [Repsuper(R(β))]
as an Aπ-module.
Proof. The statement is an immediate consequence of Proposition 8.7 and (8.9). 
8.3. Cyclotomic quotients. In this subsection, we quickly review the results on the
cyclotomic quiver Hecke superalgebras RΛ which were proved in [KKO12, Section 7, 8,
9].
For each i ∈ I and k ∈ Z≥0, we take ci;k ∈ kk(αi|αi) such that (i) ci,0 = 1, (ii) ci;k = 0
if i ∈ Iodd and k is odd. For Λ ∈ P+ and i ∈ I, we choose a monic polynomial
(8.12) aΛi (u) =
〈hi,Λ〉∑
k=0
ci;ku
〈hi,Λ〉−k
and define
aΛ(x1) =
∑
ν∈In
aΛν1(x1)e(ν) ∈ R(n).
Definition 8.10. Let β ∈ Q+ and Λ ∈ P+. The cyclotomic quiver Hecke superalgebra
RΛ(β) at β is the quotient algebra
RΛ(β) =
R(β)
R(β)aΛ(x1)R(β)
.
We need the next proposition in proving our main result: the supercategorification
of integrable highest weight modules.
Proposition 8.11 ([KKO12, Corollary 7.5]). For β ∈ Q+, there exists m such that
RΛ(β + kαi) = 0 for any k ≥ m.
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Let Modsuper(R
Λ(β)), Projsuper(R
Λ(β)) and Repsuper(R
Λ(β)) be the supercategories
defined in a similar manner as we did in §8.1. For each i ∈ I and β ∈ Q+, we define
the superfunctors
EΛi : Modsuper(R
Λ(β + αi))→ Modsuper(RΛ(β)),
FΛi : Modsuper(R
Λ(β))→ Modsuper(RΛ(β + αi))
by
EΛi (N) = e(β, i)N = e(β, i)R
Λ(β + αi)⊗RΛ(β+αi) N,
FΛi (M) = R
Λ(β + αi)e(β, i)⊗RΛ(β) M
for M ∈ Modsuper(RΛ(β)) and N ∈ Modsuper(RΛ(β + αi)). Then (FΛi , EΛi ) is a super-
adjoint pair (see § 7.4); i.e.,
HomRΛ(β+αi)(F
Λ
i M,N) ≃ HomRΛ(β)(M,EΛi N).
Set n = |β|. There exist natural transformations:
xEΛi : E
Λ
i → Πiq−2i EΛi , xFΛi : FΛi → Πiq−2i FΛi ,
τEΛij : E
Λ
i E
Λ
j → Πp(i)p(j)q(αi|αj)EΛj FΛi , τFΛij : FΛi FΛj → Πp(i)p(j)q(αi|αj)FΛj FΛi
induced by
(a) the left multiplication by xn+1 on the kernel e(β, i)R
Λ(β + αi) of the functor E
Λ
i ,
(b) the right multiplication by xn+1 on the kernel R
Λ(β + αi)e(β, i) of the functor F
Λ
i ,
(c) the left multiplication by τn+1 on the kernel e(β, i, j)R
Λ(β+αi+αj) of the functor
EΛi F
Λ
j ,
(d) the right multiplication by τn+1 on the kernel R
Λ(β+αi+αj)e(β, j, i) of the functor
FΛi F
Λ
j .
For γ with |γ| = n and ν ∈ Iγ , let us denote by
EΛν = E
Λ
ν1
· · ·EΛνn : Modsuper(RΛ(β + γ))→ Modsuper(RΛ(β)).
Then xEΛi ’s and τEΛij ’s induce a superalgebra homomorphism
R(γ)→ End
Fctsuper
(
Modsuper(RΛ(β+γ),Modsuper(RΛ(β)
)
D
(⊕
ν∈Iγ
EΛν
)
.
(Recall the discussion at the end of § 7.5.) Under this homomorphism, e(ν) ∈ R(γ) is
sent to the projection to the factor EΛν , xke(ν) is sent to E
Λ
ν1 · · ·xEΛνk · · ·E
Λ
νn , and τke(ν)
is sent to EΛν1 · · · τEΛνk,νk+1 · · ·E
Λ
νn . Here, we have forgotten the grading.
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Similarly, let us denote by
FΛν = F
Λ
νn · · ·FΛν1 : Modsuper(RΛ(β))→ Modsuper(RΛ(β + γ)).
Then xFΛi ’s and τFΛij ’s induce a superalgebra homomorphism
R(γ)→ End
Fctsuper
(
Modsuper(RΛ(β)),Modsuper(RΛ(β+γ))
)
D
(⊕
ν∈Iγ
FΛν
)superop
,
where e(ν) ∈ R(γ) is sent to the projection to the factor FΛν , xke(ν) is sent to
FΛνn · · ·xFΛνk · · ·F
Λ
ν1
, and e(ν)τk is sent to F
Λ
νn · · · τFΛνk+1,νk · · ·F
Λ
ν1
.
By the superadjunction, τEΛij induces a natural transformation
FΛj E
Λ
i → Πp(i)p(j)q(αi|αj)EΛi FΛj .
Set
Projsuper(R
Λ) =
⊕
β∈Q+
Projsuper(R
Λ(β)), Repsuper(R
Λ) =
⊕
β∈Q+
Repsuper(R
Λ(β)).
Theorem 8.12 ([KKO12, Theorem 8.9]). The functors EΛi and F
Λ
i are well-defined
exact superfunctors on Projsuper(R
Λ) and Repsuper(R
Λ). Hence they induce the endo-
morphisms Ei and Fi on the Grothendieck groups [Projsuper(R
Λ)] and [Repsuper(R
Λ)] :
[Projsuper(R
Λ(β))]
Fi:=[F
Λ
i ]
//
[Projsuper(R
Λ(β + αi))]
Ei:=[EΛi ]
oo ,
[Repsuper(R
Λ(β))]
Fi:=[FΛi ]
//
[Repsuper(R
Λ(β + αi))].
Ei:=[EΛi ]
oo
Theorem 8.13 ([KKO12, Theorem 9.1, Theorem 9.6]). There exist natural isomor-
phisms of endofunctors on Modsuper(R
Λ(β)) given below :
(8.13)
EΛi F
Λ
j
∼→ q−(αi|αj)Πp(i)p(j)FΛj EΛi if i 6= j,
Πiq
−2
i F
Λ
i E
Λ
i ⊕
〈hi,Λ−β〉−1⊕
k=0
Πki q
2k
i
∼→ EΛi FΛi if 〈hi,Λ− β〉 ≥ 0,
Πiq
−2
i F
Λ
i E
Λ
i
∼→ EΛi FΛi ⊕
−〈hi,Λ−β〉−1⊕
k=0
Πk+1i q
−2k−2
i if 〈hi,Λ− β〉 < 0.
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8.4. Supercategorification. As our main results, we show that Repsuper(R
Λ) and
Repsuper(R) provide a supercategorification of VAπ(Λ)∨ and U−Aπ(g)∨, respectively. In
this subsection, we assume that the condition (8.3) is satisfied; i.e., k0 is a field and
the ki’s are finite-dimensional over k0.
By (8.4) and Lemma 8.4(c), we have a perfect pairing
[Projsuper(R
Λ)]× [Repsuper(RΛ)]→ Aπ(8.14)
given by
([P ], [M ]) 7→ dimπq (P ψ ⊗RΛ M),
which implies that [Projsuper(R
Λ)] and [Repsuper(R
Λ)] are Aπ-dual to each other. Here,
P ψ is the right RΛ-module obtained from P by applying the anti-involution ψ (see
(8.10)).
Let Ei and Fi be the endomorphisms on [Projsuper(R
Λ)] or [Repsuper(R
Λ)] given in
Theorem 8.12. Then we can check easily that they are adjoint to each other. For
example, we have
(FΛi P )
ψ ⊗
RΛ(β+αi)
M =
(
RΛ(β + αi)e(β, i) ⊗
RΛ(β)
P )
)ψ ⊗
RΛ(β+αi)
M
≃ P ψ ⊗
RΛ(β)
e(β, i)RΛ(β + αi) ⊗
RΛ(β+αi)
M
≃ P ψ ⊗
RΛ(β)
EΛi M
for P ∈ Repsuper(RΛ(β)) and M ∈ Repsuper(RΛ(β + αi)).
Let us show that Ei and Fi induce UAπ(g)-module structures on [Projsuper(RΛ)] and
[Repsuper(R
Λ)]. The natural isomorphisms given in (8.13) can be written as follows:
(8.15)
EiFj = q
−(αi|αj)πp(i)p(j)FjEi if i 6= j,
EiFi = q
−2
i πiFiEi +
1− (q2i πi)〈hi,Λ−β〉
1− q2i πi
if 〈hi,Λ− β〉 ≥ 0,
EiFi +
1− (q2i πi)〈hi,Λ−β〉
q2i πi − 1
= q−2i πiFiEi if 〈hi,Λ− β〉 < 0
on [Projsuper(R
Λ)] or [Repsuper(R
Λ)].
Let K˜i be an endomorphism on [Projsuper(R
Λ)] and [Repsuper(R
Λ)] defined by
K˜i|[Projsuper(RΛ(β))] := (q2i πi)〈hi,Λ−β〉, K˜i|[Repsuper(RΛ(β))] := (q2i πi)〈hi,Λ−β〉.
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Then (8.15) can be rephrased as
(8.16) EiFj − q−(αi|αj)πp(i)p(j)FiEj = δi,j 1− K˜i
1− q2i πi
,
which coincides with one of the defining relations in Definition 5.1.
We now define the superfunctors
FΛi
{n}
: Modsuper(R
Λ(β))→ Modsuper(RΛ(β + nαi)),
EΛi
{n}
: Modsuper(R
Λ(β + nαi))→ Modsuper(RΛ(β)),
by
FΛi
{n}
(M) = RΛ(β + nαi)e(β, i
n)⊗RΛ(β)⊗R(nαi)
(
M ⊗P (in)),
EΛi
{n}
(N) =
(
RΛ(β)⊗ P (in)ψ)⊗RΛ(β)⊗R(nαi) e(β, in)N
for M ∈ Modsuper(RΛ(β)) and N ∈ Modsuper(RΛ(β + nαi)). Then Proposition 8.3
implies that
[n]πi !E
Λ
i
{n} ≃ (EΛi )n and [n]πi !FΛi {n} ≃ (FΛi )n.
Note that
(i) the actions of Ei on [Projsuper(R
Λ)] and [Repsuper(R
Λ)] are locally
nilpotent,
(ii) by Proposition 8.11, the actions of Fi on [Projsuper(R
Λ)] and
[Repsuper(R
Λ)] are locally nilpotent,
(iii) if β 6= 0 and M ∈ Repsuper(RΛ(β)) does not vanish, then there
exists i ∈ I such that Ei[M ] 6= 0,
(iv) Ei and Fi are the transpose of each other with respect to the
coupling (8.14). Indeed we have P ψ ⊗RΛ FiM ≃ (EiP )ψ ⊗RΛ M
and P ψ ⊗RΛ EiM ≃ (FiP )ψ ⊗RΛ M .
(8.17)
By Proposition 2.9, (8.16) and (8.17), the endomorphisms Ei and Fi satisfy the Serre
relations in Definition 5.1, which gives a UAπ(g)-module structure on [Projsuper(RΛ)]
and [Repsuper(R
Λ)].
Let Irr(RΛ(β)) be the set of isomorphism classes of simple RΛ(β)-supermodules.
Using the fully faithful functor Repsuper(R
Λ(β))֌ Repsuper(R(β)), we define a subset
Irr 0(RΛ(β)) of Irr (RΛ(β)) by
Irr 0(RΛ(β)) = Irr 0(R(β)) ∩ [Repsuper(RΛ(β))].
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Set Irr 0(RΛ) :=
⊔
β∈Q+ Irr 0(RΛ(β)). Then Theorem 8.9 implies that Irr 0(RΛ) is a
strong perfect basis of [Repsuper(R
Λ)]. Therefore, by Theorem 6.6 and (8.17)(iii), we
obtain the following supercategorification theorem.
Theorem 8.14. Let Λ ∈ P+.
(i) [Repsuper(R
Λ)] and [Projsuper(R
Λ)] are UAπ(g)-modules.
(ii) Irr 0(RΛ) is a strong perfect basis of [Repsuper(RΛ)].
(iii) There exist isomorphisms of UAπ(g)-modules
VAπ(Λ)∨ ≃ [Repsuper(RΛ)] and VAπ(Λ) ≃ [Projsuper(RΛ)].
In particular, VAπ(Λ) and VAπ(Λ)∨ are free Aπ-modules.
Set
[Projsuper(R)] :=
⊕
β∈Q+
[Projsuper(R(β))], [Repsuper(R)] :=
⊕
β∈Q+
[Repsuper(R(β))].
We denote by BlowAπ (g) (resp. B
up
Aπ(g)) the A
π-subalgebra of Bθ˜,p˜(g) generated by e
′
i and
f
{n}
i (resp. e
′
i
{n} and fi) for all i ∈ I and n ∈ Z>0. Then, by a similar argument given
in [KKO12, Corollary 10.3], we have:
Corollary 8.15.
(i) [Repsuper(R)] and [Projsuper(R)] have a structure of B
up
Aπ(g)-module and B
low
Aπ (g)-
module, respectively.
(ii) There exist isomorphisms
U−Aπ(g)∨ ≃ [Repsuper(R)] and U−Aπ(g) ≃ [Projsuper(R)]
as a BupAπ(g)-module and a B
low
Aπ (g)-module, respectively. In particular, U−Aπ(g) and
U−Aπ(g)∨ are free Aπ-modules.
Corollary 8.16. LetM,M ′ ∈ Repsuper(R(β)). If chπq (M) = chπq (M ′), then [M ] = [M ′].
In particular, if M and M ′ are simple, then M ≃M ′.
8.5. Quantum Kac-Moody algebras. In [HW12], Hill and Wang proposed a con-
dition on a Cartan superdatum
(C6) the integer di is odd if and only if i ∈ Iodd.
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Under the condition (C6), we claim that there are equivalences of categories
ModP(U(g)) ≃ ModP(U(g)) ≃ ModP(Uv(g)),
where Uv(g) is the usual quantum Kac-Moody algebra with a parameter v (which will
be set to be
√
πq).
Let us recall the definition of quantum Kac-Moody algebras. For n ∈ Z≥0, set
[n]vi = [n]vdi ,v−di and
[
n
m
]
v
=
[
n
m
]
vdi ,v−di
.
The quantum Kac-Moody algebra Uv(g) associated with a Cartan datum (A,P,Π,Π
∨)
is the Q(v)-algebra generated by ei, fi and K
±1
i (i ∈ I) subject to the following defining
relations:
KiKj = KjKi, KiejK
−1
i = v
diaijej , KifjK
−1
i = v
−diaijfj ,
eifj − fjei = δi,jKi −K
−1
i
vdi − v−di (i, j ∈ I),
1−aij∑
k=0
(−1)k
[
1− aij
k
]
v
f
1−aij−k
i fjf
k
i = 0 (i 6= j),
1−aij∑
k=0
(−1)k
[
1− aij
k
]
v
e
1−aij−k
i eje
k
i = 0 (i 6= j).
Hence Q[
√
π]⊗Uv(g) is nothing but the algebra Uθ,p(g) with piiθ−1ii = v2di. Recall that
the algebra U(g) is equal to Uθ,p(g) with piiθ
−1
ii = q
2
i πi.
Assume that the condition (C6) is satisfied and set v = q
√
π. Then we have
v2di = (q
√
π)2di = q2i π
di = q2i πi.
Therefore, combining with Theorem 5.2, we obtain
ModP(Q[
√
π] ⊗
Q[π]
U(g)) ≃ ModP(U(g)) ≃ ModP(Q[√π]⊗Uv(g)),
OPint(Q[
√
π] ⊗
Q[π]
U(g)) ≃ OPint(U(g)) ≃ OPint
(
Q[
√
π]⊗Uv(g)
)
.
(8.18)
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